Calculation of Bit Error Rates in Optical Fiber
Communications Systems in the Presence of
Nonlinear Distortion and Noise

by
Oleg V. Sinkin

Dissertation submitted to the Faculty of the Graduate School
of the University of Maryland in partial fulfillment
of the requirements for the degree of

Doctor of Philosophy
2006



ACKNOWLEDGEMENT

The period of my life in the United States was an entirely new world and the
experience was very diverse: pleasing and exciting and very difficult at times. I want
to thank my advisor, colleagues, friends, and family, who shared my happy and joyful
moments with me and who stood by me in hard times. It was most important for me
to feel your presence, support and compassion.

First of all, I would like to thank my advisor Curtis Menyuk. Working with him
was always inspiring and fruitful as he is a bright scientist and a great promoter and
educator. I learned the theory, practice and some politics of optical fiber communi-
cations. Many of my current skills and much of my current knowledge are due to
him. In science, Curtis not only guided me, but also gave me complete freedom for
creativity. I would like to note his exceptional human nature and I am very grateful to
him for his understanding of my personal situation, his compassion, and willingness
to help.

It was a great pleasure to work with Vladimir Grigoryan, a true scientist and
a tremendous person. His enthusiasm and energy can inspire the worst pessimist.
Vladimir helped me in tough moments as an excellent mentor and psychologist. In
addition, Vladimir and his family have also been just good and hospitable friends.

It is truly great that some Italian universities have a tradition to send students
abroad as a part of their PhD program! Thanks to this circumstance, I met Valter
Pellegrini, Paola Griggio, and later Marco Secondini. I am grateful to these Italian
ragazzi as they showed me some colors of life that were unknown to me before.
Marco was my officemate for a while and we shared not only scientific ideas but many
everyday and fun moments. We became friends that did not need to finish a phrase
to understand each other. And I learned some of the essential [talian vocabulary. If
I travel to Italy, now I know what to say if [ meet a beautiful lady or if somebody

steps on my foot.

i



I am very happy that in the beginning of my stay in Baltimore, I met Ronald
Holzlohner, Jochen Dérring, and Mireia Blanco. It was my great pleasure to work
with Ron as well as to share many fun moments. Jochen and Mireia were more than
friends to me as we were like a family.

A very interesting experience is being a part of an internationally and culturally
diverse group, which has representatives from all continents on the Earth, except
for Antarctica. Many thanks to all my colleagues for the privilege of working with
you: Ivan Lima, Aurenice Lima, Hai Xu, Yu Sun, Brian Marks, Jonathan Hu, Jiping
Wen, Hua Jiao, Vlad Seghete, Venkat Veerasubramanian, Kami Okusaga, Anthony
Lenihan, Gaston Tudury, Bill Astar, Heider Ereifej, Edem Ibragimov, and to our
group’s professors Gary Carter, Vladimir Grigoryan, Li Yan, and John Zweck.

I would like to express my special gratitude to John Zweck for his support through-
out the course of my Ph.D. study. He has been a creative and patient advisor, an
extraordinary teacher, and a very responsive person. And, of course, many thanks
for his enormous effort in organizing and keeping our computer code.

[ am very grateful to Gary Carter for helping me with many personal and academic
problems, for the opportunity to participate in the Bossnet experimental project, and
for being a respectful and cheerful person.

I want to thank Tulay Adali for her collaboration with us and for just being a
talented teacher and a very inspiring person.

I would like to specially thank Ivan Lima and Hai Xu for helping me when I
arrived and knew nothing and nobody in the US and for organizing a very warm and
hospitable reception.

I am delighted to know Lyn Randers, who is not just a talented organizer but also
a very kind and approachable person. Without Lyn the TRC would have been just
the Commonwealth of Independent Labs.

I would like to thank Valery Butylkin, professor of Moscow Institute of Physics

1ii



and Technology, who supported me when I was applying to UMBC and who taught
me the subject of nonlinear optics — the background that was essential for my Ph.D.
research.

It was my pleasure to collaborate with Mark Ablowitz, Andrew Docherty, and
Cory Ahrens from University of Colorado, bright scientists as well as friendly and
hospitable people.

[ want to thank Silvia Petrova, Matt Zustiak, and Irina Ramos, for sharing skiing
adventures and being friends upon whom I can rely.

My stay here would have been very hard if I did not have my Russian friends with
me. Very special thanks to Vadim Jelezniakov, who I know from my freshman year
at Moscow Institute of Physics and Technology, known as PhysTech. Even when sep-
arated by distance, we are always close in spirit. I am lucky to know Filipp Kistenev
and Alexey Finogenov, who also represent the PhysTech community. Thank you for
your enormous support and for fun time skiing, windsurfing, partying, conquering the
salsa dance floor, and... The list of what we did not do together is actually shorter.

I was lucky to have two greatest roommates Andrey Parafiynik and Alexander
Sinyukov who made my everyday life more interesting and with whom I shared parties
and many “life talks”. Many thanks to Valery Soika and Irina Krasnova for their
hospitality, fun time we had, and trips we went to.

I would like to express my enormous gratitude to Maria Kasatkina, without whom
I could not imagine anything in my life happening, for her devotion, patience, and
great support.

It is impossible to express how grateful I am to my parents, Valery Vasilievich
Sinkin and Olga Nikolaevna Sinkina, who not only gave me the opportunity to get
the best physics education in Russia and supported me while I was away on another
continent, but also were friends to me — companions with whom I could share any

concern. And, of course, I am infinitely happy that I have the best brother in the

iv



world, Yura — exceptionally dedicated, supportive, and fun — who always finds the

right words in any situation. To my family I dedicate this dissertation.



CONTENTS

1. Introduction . . . . . . . . ... 1
2. Test System . . . . . . . . .. 6
2.1 System model . . . ... 8
2.2 Dispersion map design . . . . . . ... Lo 13
2.2.1 Dispersion slope-matched fiber pair . . . . . ... .. .. ... 14

2.2.2  Optimization of dispersion profile . . . . . . .. ... ... .. 16

3. Modeling the effects of fiber nonlinearity in optical communications 22

3.1 Full system model . . . . . . . . ... o 24
3.1.1 Split-step Fourier method: Theory . ... ... ... .. ... 24
3.1.2  Split-step Fourier method: Numerical examples . . . . . . .. 31

3.2 Common reduced models . . . . . . ... ... oL 43
3.2.1 Non-return-to-zero transmission . . . . . . . .. . .. .. ... 43
3.2.2  Return-to-zero transmission . . . . . . ... ... 52

4. Statistical methods . . . . . . .. ... ... Lo o7

4.1 TImportance sampling . . . . . . . . .. Lo Lo 99
4.1.1 Biasing distribution . . . . . .. ..o 29
4.1.2 Multiple importance sampling and the balance heuristic. . . . 61

4.2 Multicanonical Monte Carlo simulations . . . . .. .. ... ... .. 64

vi



5. Deterministic method for calculation of the pdf of collision-induced

time shift . . . . . . ... 68
5.1 Calculation of collision-induced time shift . . . . ... .. ... .. .. 69
5.2 Time shift function . . . . . . .. ... 74
5.2.1 Shape of the time shift function . . . . . . ... ... ... .. 74
5.2.2  Scaling of the time shift function . . . . .. .. ... ... .. 7
5.3 Probability density function of the time shift . . . . . ... ... ... 80
5.3.1 Synchronous channels . . . . . ... ... ... 0. 80
5.3.2 Asynchronous channels . . . . . ... ... ... ... ..... 82
5.4 Validation . . . . . .. .. 83

6. Calculation of the pulse amplitude distortion and the bit error ratio 88

6.1 Probabilistic characterization of the nonlinearly-induced pulse distortion 90
6.1.1 Application of the reduced time shift method . . .. .. ... 90
6.1.2 Multipulse interactions and the nonlinearly-induced amplitude
JItter ..o 92
6.2 Bit error ratio calculations . . . . . ... oo 97
6.2.1 Additive white Gaussian noise model . . . . . . ... .. ... 98
6.2.2 Combining noise and nonlinear effects . . . . . . . . .. .. .. 104
7. Conclusions . . . . . . . . . . .. 108

vii



1.1

2.1
2.2
2.3

2.4
2.5

3.1

3.2

3.3

3.4

LIST OF FIGURES

Nonlinear pattern dependence effect in a WDM RZ system. The bit
pattern in the center channel is fixed. As we change the patterns
in the neighboring channels, the eye in the center channel goes from
(a) almost completely open to (b) only partially open to (c¢) almost

completely closed. . . . . . .. .. ... o

Simple communications system. Reproduced from [149]. . . . . ...
Dispersion slope characteristics of two fiber pairs . . . . .. .. ...

RZ eye diagrams with (a) suboptimal and (b) optimal pre- and post-

compensation with the corresponding accumulated dispersion functions. 17

Collision-induced timing jitter as a function of distance. . . . . . ..

Eye opening as a function of average map dispersion. . . . . . . . ..

Plot of the total number of FFTs versus global relative error ¢ for
second-order (a) and fifth-order (b) solitons. . . . . . ... ... ...
Plot of the total number of FFTs versus global relative error ¢ for a
collision of two first-order solitons. . . . . . . . . ... ... .. ...
Step size h as a function of distance for the local error method applied
to a collision of two first-order solitons. . . . . . . . ... ... ...
Plot of the total number of FFTs versus global relative error € for the

single-channel (a) DMS and (b) CRZ systems. . . ... ... ....

viil

18

33

34

34



3.5

3.6

3.7

5.1
5.2
5.3
5.4
5.5

6.1
6.2

6.3

6.4

6.5

Plot of the total number of FFTs versus global relative error € for the
multichannanel CRZ system. . . . . . ... ... ... .. ......
Step size h as a function of distance for the local-error method applied
to the multichannel CRZ system. The upper two plots show the step
sizes for the first two and last two periods of the dispersion map, and
the lower two plots show the corresponding portions of the dispersion
map. Triangles indicate the positions of amplifiers. . . . . . . . . ..
Plot of the global error as a function of method parameter for (a) local
error, (b) walk-off, (¢) nonlinear phase, (d) logarithmic step, and (e)

constant step methods. . . . . .. ... ... L.

Time shift function for two pump channels. . . . . .. ... .. ...
Collision dynamics for three different pulses. . . . . ... .. .. ..
The scaled time shift function. . . . . ... ... ... ... .....
Worst-case time shift vs. number of channels N. . . . . ... .. ..

Probability density function of the collision-induced time shift.

Conversion of time shift to the current distortion. . . . . . . . .. ..
Probability density function of the current in the marks due to the
nonlinear distortion with a single pulse in the target channel.

Probability density function of the current in the marks at the detection
point in the receiver due to the nonlinear distortion with multiple pulses
(MP) in the target channel compared to a single pulse in the target
channel (SP). . . . . ... ..
Probability density function of the current in the marks and spaces at
the decision time due to the nonlinear distortion and noise obtained
using (6.38). . . ...

Bit error ratio and @)-factor as functions of channel spacing. . . . . .

X

92



LIST OF TABLES

2.1 Characteristics of D, /D_ and SMF/DCF fiber pairs

2.2 System parameters. . . . . . .. .. ... ...



1. INTRODUCTION

A fundamental goal of modeling fiber communications systems is to understand the
physics of the system behavior and to develop computational tools to design sys-
tems and predict their performance. Transmission of data through a fiber-optic link
unavoidably leads to bit errors due to various effects, the dominant of which are
noise from optical amplifiers, fiber nonlinearity, polarization effects, and non-ideal
transmitters and receivers. There exist numerous studies that provide techniques to
characterize all of these effects and to calculate the bit error ratio (BER) due to
them |1]-[4]. However, there are still many important unanswered questions and one
of them is how to accurately calculate the bit error ratio (BER) in the presence of
nonlinear signal distortion.

Why is a careful analysis of nonlinear effects in optical fiber communications
systems important? Nearly all modern systems operate in the linear propagation
regime, in which the signal evolution is almost linear |[5]. However, there always
exist small nonlinear interactions and small nonlinear signal distortions accumulated
during transmission over long distances can lead to an increase in the error rate.
Reducing the optical power decreases the importance of the nonlinear interactions,
but it also decreases the signal-to-noise ratio. There exists an optimal power level at
which the BER is minimal. Even if the power level is much lower than optimum, the
accumulation of nonlinear distortions during transmission over hundreds or thousands
of kilometers of fiber can introduce a significant system penalty [6]-[9]. Calculating

the BER in such a regime or finding the optimal power level requires an accurate



model of the nonlinear interactions.

The main challenge in characterizing the nonlinear penalty is that it is a statistical
quantity. In on-off keyed systems, a digital 1 (mark) is represented by the presence of
an optical pulse and a digital 0 (space) is represented by its absence. The amount of
distortion that an optical pulse suffers depends on the particular pattern of surround-
ing pulses, which is effectively random as these pulses represent the information bits,
and the information sequence of bits is quasi-random. This effect is often referred
to as the nonlinear pattern dependence effect [1], [10]. In single-channel transmis-
sion, dispersion leads to the spread of optical signals, causing approximately three to
seven adjacent pulses to interfere [5], [11]. Therefore, a common approach to account
for pattern-dependent nonlinear effects is to use a pseudo-random sequence of bits,
which is typically 23 — 27 bits, to find the worst-case bit in the sequence. When we
consider a multi-channel system, this approach is inappropriate since there are many
more pulses interacting with each other due to the dispersive walkoff between the fre-
quency channels. As an illustration, Fig. 1.1 shows three simulated eye diagrams of a
noise-free signal in the center channel of a 10 Gb/s wavelength-division multiplexed
(WDM) return-to-zero (RZ) system after propagating over 5000 km. We used nine
co-polarized channels spaced by 50 GHz and the average power was approximately
—0.7 dBm per channel. We used three different sets of bit patterns in different WDM
channels, while the bit pattern in the center channel remained unchanged. As we
move from 1.1a to 1.1c, it is apparent that the eye changes from being almost com-
pletely open to completely closed. In this case, finding the worst-case performance
becomes not only prohibitively time-consuming since the number of possible inter-
action patterns grows exponentially, but it is also not useful because the likelihood
of the worst-case pattern is negligibly small. Therefore, a probabilistic approach is
necessary to treat this problem:.

Typically, the dominant nonlinear effect in modern high-speed systems operating



Fig. 1.1: Nonlinear pattern dependence effect in a WDM RZ system. The bit pattern
in the center channel is fixed. As we change the patterns in the neighboring
channels, the eye in the center channel goes from (a) almost completely
open to (b) only partially open to (c¢) almost completely closed.

at 10 GB/s, is cross-phase modulation |7], 8], [12]-[15]. The phase of an optical
pulse is changed by the presence of pulses in either the same or neighboring wave-
length channels. This phase change leads to intensity distortion by means of fiber
dispersion. The manifestation of this effect depends on the light modulation format.
In non-return-to-zero (NRZ) transmission, the signal distortion appears in the form
of amplitude jitter [14], [16]-|18]|, while in the RZ systems, the dominant nonlinear
effect is typically collision-induced timing-jitter [12], [19]-[23]. This fact requires the

development of completely different approaches to account for the nonlinear effects



in these two types of systems. We note that at present, the NRZ and RZ modulation
formats are still the most commonly used formats in optical fiber communications
systems. The NRZ format is the simplest form of intensity modulation and it has
been historically the format of choice for many system providers. Recently, it has
been discovered that the RZ-modulated signal undergoes less intersymbol interfer-
ence in the receiver and is more robust to fiber nonlinearities and thus more capable
of long-haul data transmission [11], [22], [24]-|27]. Because the NRZ modulation
has been used for many years, techniques have been developed to characterize the
nonlinear effects in WDM NRZ transmission [14], [16]-[18], [28]-[36], and the BER
calculations based on these techniques agree well with experimental results. The basic
idea in these approaches [16], [30]-[32] is to utilize a pump-probe method, in which
the cross-phase modulation-induced distortion is treated as an additive perturbation.
An exception is [36] where the authors treat the distortion as multiplicative. In order
to determine the influence of the nonlinearity on the system performance, one further
assumes that the XPM-induced distortion may be treated as additive Gaussian noise
and a correction to the @-factor is calculated [14], [16], [30], [33]-[35], [37].

The major nonlinear effect in WDM RZ systems, collision-induced timing jitter,
has also been well studied in both soliton and linear systems [12|, [19]-[21], [38]]44].
It is well known how to calculate the time shift that results from a collision of a pair of
pulses and to calculate the standard deviation of the time shift. However, no accurate
BER calculation that takes into account the inter-channel nonlinear bit-pattern effect
due to this timing jitter has been reported in the literature.

The purpose of this dissertation research is to develop a method that allows one
to accurately account for inter-channel nonlinear crosstalk in calculations of BER in
WDM RZ systems.

Our method of computing the BER in the presence of the nonlinear distortion

and amplified spontaneous emission noise, is based on calculations of the complete



probability density function (pdf) of the nonlinearly-induced amplitude or timing
jitter. Using the knowledge of the pdf of the noise-induced amplitude variation, we
combine the noise and nonlinear contributions to calculate the resulting BER.

The dissertation is organized as follows:

In the second chapter, we describe a prototypical undersea system to which we
apply our BER calculation technique. We discuss some system design tradeoffs and
the performance optimization issues.

In the third chapter, we review methods commonly used to characterize the effects
of fiber nonlinearity in optical fiber communications systems.

The fourth chapter contains a summary and discussion of the biased Monte Carlo
methods that can be used to estimate the pdf of the received current or the time shift
of a pulse for the values of the pdf ranging over many orders of magnitude.

In the fifth chapter, we introduce the time shift function, a function that describes
the time shift of a pulse in a two-pulse collision, depending on the frequency and
initial time separation of the two pulses. We discuss the properties of the time shift
function and use it to calculate the pdf of the collision-induced time shift by means
of the characteristic function method. Finally, we validate this method of computing
the pdf of the time shift with biased Monte Carlo simulations.

In the sixth chapter, we present and validate a method for evaluating the pdf of
the received current due to nonlinear effects in transmission. Then, we describe an
additive white Gaussian noise model for calculating the pdf of the received current
and show how to calculate the BER using the methods that we presented.

The seventh chapter contains the conclusions that summarize the main results of

the dissertation.



2. TEST SYSTEM

In this chapter, we present a prototypical long-haul undersea system that uses WDM
technology and an RZ modulation format. Long-haul submarine transmission sys-
tems represent a significant and rapidly growing portion of the world fiber optic net-
work [45] and a large portion of current transoceanic transmission lines operate using
the RZ modulation format, including cable systems built by Tyco Telecommunica-
tions, Marconi, NEC Submarine Systems, and Fujitsu. These systems typically have
shorter values of amplifier spacing and longer transmission distances than terrestrial
systems. The propagation length in these systems is limited by the tradeoff between
the signal-to-noise ratio and the accumulation of the nonlinear penalties. Hence it
is especially important to develop accurate tools to model nonlinear impairments for
these types of systems.

The original goal of this dissertation was to perform a comparative study of spec-
tral efficiency of different modulation formats. In order to do this, we had to optimize
system parameters for each format and different values of channel spacing. In particu-
lar, for a given channel spacing we varied the average map dispersion and the pre- and
post-compensation to determine the optimal dispersion profile for each modulation
format. During the initial study, we encountered the nonlinear pattern-dependence
effect [1], [10]. Exploration of this matter led us to a more general, and, in our view,
more important research topic. The current goal of this dissertation is to develop new
and accurate tools to evaluate the effect of fiber nonlinearity on the performance of

R7Z systems. In this chapter, we describe only the RZ system that we used to develop



our methodology, and we summarize the optimization of the dispersion profile for this

system.



2.1 System model

Typical modern fiber communications systems contain a large number of optical com-
ponents such as lasers, modulators and demodulators, multiplexers and demultiplex-
ers, filters, optical fibers, and amplifiers [1], [2]. In addition, there is an extensive set
of electrical equipment at the receiver, such as photodiodes, electrical filters, ampli-
fiers, and decision circuits. When simulating these components, the level of detail of
the model must be appropriate for the system under study. For example, a lumped
amplifier model is used often for optical amplifiers, in which the optical field is simply
multiplied by a factor. We use this model in the simulations in this dissertation.
More realistic models can include amplified spontaneous emission noise, gain satura-
tion, the gain profile, polarization hole burning, and transients [46]. The first step
of any simulation is to simplify the system and to restrict the model of the optical
propagation to the essential effects. The nature of the most important effects strongly
depends on the type of the optical system. In particular, the amount of nonlinearity
has an important impact on the evolution of the signal and the noise.

Figure 2.1 shows a schematic illustration of a simple model of an optical fiber com-
munications system that is used in this dissertation. The optical signal is generated
by a transmitter and inserted into the fiber. It then passes through a transmission
line that primarily consists of fiber spans and optical amplifiers. At the end of the
transmission line, the signal is optically filtered and enters a receiver, where it is

converted to an electrical current by a high-speed photodiode. This current passes

Optical Filter Electrical Filter
Transmitter Paw — T e
A

Fiber Ein

Amplifier Photodiode Decision

Fig. 2.1: Simple communications system. Reproduced from [149|.



through a low-pass filter and enters a decision circuit.

In a typical digital optical fiber transmission system, the pulses are either directly
created by an optical laser, or the output of a constant wave laser is modulated
by an external modulator. We will only discuss on-off keying in this dissertation.
In RZ transmission, the marks are represented by isolated optical pulses, while in
NRZ signaling, a sequence of marks is represented by a continuous constant light
intensity. We assume that the amplitude modulation is produced by a Mach-Zehnder
interferometer. The functional form of the RZ or chirped-RZ (CRZ) complex field

envelope that is used in this dissertation is

Ut) = \/% [1 + cos (7T sin %tﬂ exp <iC7r cos ?), (2.1)
where T' is the bit period and C'is the chirp parameter [11|, [47]. The parameter C
equals zero for the unchirped RZ signal. The pulse stream may then be combined with
pulse streams with different central frequencies to make a single WDM signal [1], [2].
In this work, we used nine co-polarized WDM channels, spaced by 50 GHz, each
carrying a 10-GB/s unchirped RZ signal. We used different values of peak power in
the system optimization step; however, we set the peak power to 5 mW per channel
in the rest of the study.
Transmission of light through optical fiber can be described by the nonlinear
Schrodinger (NLS) equation [48]

ou(z,t) N Zﬂ”(z) 0?u(z,t)

az 2 atQ - Z.f)/‘u(z’ t)‘Qu(Zv t) = g(z)u<27 t), (2.2)

where u(z,t) is the electric field envelope, z is the physical distance, t is the retarded
time with respect to the central frequency of the signal, 5" is the local dispersion, =y
is the Kerr coefficient, and g(z) is the fiber loss and gain coefficient. This form of

the NLS equation is based on the negative carrier frequency convention in which the
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Fourier transform pairs are defined as

x(t) = % /_OO X (w) exp(—iwt) dw, X(w)= /_00 x(t) exp(iwt) dt. (2.3)

oo

This convention is common in the physics literature, but electrical engineers and
mathematicians typically use the opposite convention. The literature on optical com-
munications is mixed and it is not uncommon to find work in which authors switch
from one convention to the other without making any note of it. While this issue
is usually not important, it can sometimes lead to errors. The implications of the
different carrier conventions are thoroughly discussed in [49], [50]. We note as well
that (2.2) does not include polarization effects. In practice, polarization effects are
important because it is common to use orthogonal polarization between neighboring
channels or even neighboring bits to reduce the effects of nonlinearity [8], [11], [51].
We do not take these effects into account here because they have no impact on the
techniques that we present and would complicate the discussion.

The receiver subsystem includes an optical demultiplexer, square-law photode-
tector, and a low-pass electrical filter as shown in Fig. 2.1. The photodetector is
modeled as an ideal square-law detector without noise. We choose the spectral trans-
mission function of the optical demultiplexer to be third-order super-Gaussian, where
a super-Gaussian function of m-th order is defined as exp(—z*™). The bandwidth of
the optical filter was optimized to maximize the eye opening after demultiplexing a
WDM signal back-to-back and it is found to be 35 GHz for the channel spacing of
50 GHz and the unchirped RZ signal. The electrical filter is a fifth-order Bessel filter,
which is a typical filter in modern optical fiber communications systems, and its 3-dB
bandwidth is set to 8 GHz.

Finally, the decision and clock recovery circuit in this work is modeled by simply

calculating the central time of a pulse at the receiver in a given channel. Since
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the time reference frame is moving with the group velocity of the center channel,
the pulses in the center channel do not move in this time frame due to dispersion.
For pulses in other frequency channels, one can analytically account for the group
delay corresponding to the particular channel. We chose this model of clock recovery
because it is simple and insensitive to nonlinear distortions, which enables us to obtain
a reliable estimate of the system performance. A more realistic model of the clock
recovery is based on calculating the phase of one of the strong frequency components
of the signal at the receiver 52|, |53].

In this chapter, we discuss some aspects of system design and optimization of
system parameters. For the purpose of parameter optimization, we take the eye
opening at the clock recovery time as a measure of the system performance, which
is defined as the difference between the average current of a mark and the average
current of a space at the detection time in the receiver.

Calculations of the eye opening are complicated by the effect of pattern depen-
dence during transmission due to nonlinear interactions. In a single channel system,
each bit only interacts with its neighbors. All bit patterns of length n are contained
in a de Bruijn pseudo-random bit sequence (PRBS) of length N = 2" [54]. If we in-
crease the length of the PRBS, the rails of the eye diagram converge. In other words,
there is a certain number of surrounding bits, n, that affect the center bit, which is
determined by the amount of pulse stretching due to dispersion during transmission.
Hence if we consider a PRBS of length N = 2" or larger, we will include all possible
interaction patterns that may occur in any data stream in a single-channel system.

The situation becomes much more complicated when we add WDM channels to
the system. In addition to interacting with a limited number of neighboring bits in
the same channel, a single bit will also interact with many bits in the neighboring
channels. For a fixed bit string in the center channel, the resulting eye diagram, will

depend on both the bit strings in the adjacent channels and the relative positions of
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these bit strings. The consequence of this effect was illustrated in Fig. 1.1. An exact
treatment of this problem requires a probabilistic approach, in which all possible bit
patterns in the neighboring channels are considered. This approach will be discussed
in the following chapters. For the purpose of finding a set of system parameters that
optimize the performance, we run a large number of simulations, in which we keep
the bit string in the center channel fixed and we randomly vary the bit strings in the
side channels. We compute the average eye opening from these simulations. While it
is not possible to accurately infer a BER from this procedure, it is possible to reliably

infer the system parameters that will produce the best performance.
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2.2 Dispersion map design

All recently deployed systems employ dispersion management, in which the dispersion
varies periodically. Each period consists of a concatenation of several fiber spans with
different local fiber dispersions, and the variation of dispersion in one period is referred
to as the dispersion map. The dispersion map is characterized by the average map

dispersion Dyp,,,. For a map consisting of two fiber links, Dyy,, given by

DLy + DyLy

Dma - y
P Ly + Ly

(2.4)

where Dy and D, are dispersion of the first and the second sections of the map and
Ly and Lo are the corresponding fiber lengths. The dispersion parameter D is in the
units of ps/nm-km, which is commonly used in optical communications. It is related

to the second-order dispersion 3” in the units of ps/km? used in (2.2) by the relation

2
D= —)\i;ﬁ”. (2.5)

If Dyap 7# 0 then the residual accumulated dispersion is compensated at the
terminals by means of extra links of fiber known as pre- and post-compensation
fibers [11], [47], [55]-[59]. It is typically beneficial to operate the system at non-zero
average dispersion. Using dispersion pre-compensation results in spreading out the
optical pulses initially, which reduces the effects of four-wave mixing and cross-phase
modulation [11], [22], [25]. However, excessive spreading leads to intra-channel four-
wave mixing [60]. This tradeoff determines the optimal value of D,,,,, which we will
discuss further in this section. The amount of both the pre- and post-compensation
dispersion must be carefully chosen as an improper choice may result in substantial

intra-channel cross-phase modulation [47], [58], [61], [62].
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2.2.1 Dispersion slope-matched fiber pair

An important milestone in the development of optical fiber communications systems
was the introduction of dispersion-sloped matched fibers [63|, [64], which allowed
an increase in the reach of the systems and a decrease in the cost of the terminal
equipment. Dispersion slope compensation has become a key technology for both 10
and 40 Gb/s WDM systems [51], [59], [65]-[67]. In this work, we study a system
based on dispersion slope matched fibers [63], [64], often called D, and D_ fibers,
whose characteristics are shown in Table 2.1. The fiber transmission link is based on
a dispersion map of length L, in which the first two-thirds consist of D, fiber and
the remaining one-third consists of D_ fiber. The exact proportion is determined by
the desired map average dispersion, Dy, = (D4 Ly + D_L_)/L, where L, and L_

are the lengths of the D, and D_ fibers respectively.

Parameter D, fiber | D_ fiber | SMF | DCF
Dispersion (ps/nm-km) at A = 1500 nm | 20.17 —-40.8 17.0 | -95.0
Dispersion slope (ps/nm?-km) 0.062 -0.124 | 0.075 | 0.2
Attenuation (dB/km) 0.192 | 0251 | 021 | 05
Effective area (pm?) 106.7 31.1 47.0 | 20.0
ny (x107% W) 1.7 2.2 26 | 2.6

Tab. 2.1: Characteristics of D, /D_ and SMF /DCF fiber

pairs.

The main advantage of the D, /D_ pair is that the average dispersion slope is
much smaller than when an SMF/DCF pair is used. We demonstrate this feature
in Fig. 2.2. The horizontal axis represents the average map dispersion Dyap(A:) of
the center channel located at A, =1550 nm. The vertical axis shows the difference

between the average map dispersions for the edge channel A\, and the center channel:
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Fig. 2.2: Dispersion slope characteristics of two fiber pairs

ADpap = |Dmap(Ae) = Dmap(Ac)|. In this case, 2|\, — Ac| = 32 nm, which corre-
spond to a WDM signal with 40 channels spaced by 100 GHz. In the case of D, /D_
fibers, the variation in the average map dispersion of the center channel is very small
and does not exceed a few percent. Consequently, all channels experience almost
the same average map dispersion. By contrast, the SMF/DCF pair exhibits a strong
wavelength dependence of the average map dispersion. For all values of Dy,a,().), the
side channels will have an average map dispersion Dp,,(Ae) that differs from that of
the center channel by 0.4-0.5 ps/nm-km. For this reason it is useless to optimize the
map’s average dispersion for the SMF /DCF fiber pair since different wavelengths will
have completely different average dispersions. By contrast, using D, /D_ fiber pair
one may optimize the average map dispersion for WDM transmission. Other signif-
icant advantages of D, /D _ fibers include reduced nonlinearity due to an increased

effective core area and reduced polarization mode dispersion.
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2.2.2 Optimization of dispersion profile

To optimize the dispersion profile, we considered a noiseless transmission model, based
on the NLS equation (2.2), which allows us to separate the effects of nonlinearity and
dispersion from the effects of the signal-noise interaction. The measure of perfor-
mance was the eye opening of the optical signal in the center channel at the end of
transmission.

We consider a system with a propagation distance of 5000 km and an amplifier
spacing of 50 km. The dispersion map consists of 34 km of D fiber and approximately
16 km of D_ fiber followed by an amplifier. This layout is typical for modern undersea
systems [11], [51]. Since the effective nonlinearity of the D_ fiber is larger than that
of the D, fiber, the amplifier is placed after the D_ fiber. Thus the signal power
at the input of the D_ fiber is low, which reduces the nonlinear impairments in the

system.

Optimization of dispersion pre- and post-compensation

The nonlinear interactions during transmission result in two major types of signal
distortion: amplitude and timing jitter. These effects originate both from intra-
channel and inter-channel interactions [10]. With properly selected pre- and post-
compensation one can significantly improve the transmission quality [11], [24], [57],
[58], [61]. The physical principle behind this improvement is as follows: Phase mod-
ulation induced by the nonlinear pulse interactions is converted into amplitude mod-
ulation by dispersion; this amplitude modulation then causes waveform distortion.
By adjusting the amount of dispersion pre-compensation and total dispersion of the
transmission line this amplitude modulation can be partially reversed [37]. It has been
shown that the best dispersion-compensation scheme is nearly symmetric [11], [58],
[61]. Timing jitter reduction can be explained as follows: If we consider a simplified

situation, in which only two pulses interact with each other |58, one can show that
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the nonlinear interactions induce opposite frequency shifts for the two pulses. Due
to the dispersion, these frequency shifts translate into time shifts. The magnitude of
the time shifts is proportional to the dispersion and the magnitude of the frequency
shift. If the accumulated dispersion is a symmetric function of distance, it changes
its sign in the middle of the transmission. Hence the time shifts change their direc-
tion, and the resulting timing jitter is thus canceled at the end of the transmission
line. However, in realistic systems the optimum accumulated dispersion function is
not perfectly symmetric and nonzero residual dispersion is often preferable, due to
self-phase modulation and to the non-constant power profile.

In this work, we optimize the compensation scheme by numerically finding the one
that results in the maximum eye opening. In order to do so, we use single-channel
transmission, so that we are only minimizing the intra-channel nonlinear effects. We
fix all the system parameters except for the amount of pre- and post-compensation,
and we automatically adjust this amount to achieve the maximum optical eye opening.

Figure 2.3 illustrates the improvement that is achieved by optimizing the dispersion

(a) [f W
!!“;u! I“'llrw : 'lll!!"m! I“l'l‘i*us.
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Fig. 2.3: RZ eye diagrams with (a) suboptimal and (b) optimal pre- and post-
compensation with the corresponding accumulated dispersion functions.
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compensation scheme for our test system. We have consistently found in numerical
simulations that the accumulated dispersion is a nearly symmetric function of distance
and that a positive amount of residual dispersion is required to compensate for self-
phase-modulation-induced distortions. We see from Fig. 2.3 that undercompensated
dispersion results in an eye closure penalty. These results are consistent with previous

studies [11], [24], [57], [58], [61].
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Fig. 2.4: Collision-induced timing jitter as a function of distance.

We note that we performed optimization of the pre- and post-compensation only
for a single channel system. However, our recent results indicate that when we add
WDM channels to this system, the optimum compensation we found for the single-
channel case also results in minimizing inter-channel collision-induced timing jitter.

Figure 2.4 shows the timing jitter, which is the standard deviation of collision-induced



19

time shift as a function of transmission distance. The minimum of the timing jitter
occurs right at the end of the transmission, as shown in the inset, indicating that the
previous choice of the pre-and post-compensation is optimum in the WDM case as
well. This effect is due to the symmetry of the dispersion function, since time shifts

induced in the first and the second half of the transmission tend to cancel out.

Optimization of average map dispersion

The purpose of this part of the study was to find the optimal average map dispersion
for a given value of channel spacing. The measure of performance is the optical
eye opening in the center channel, which we compute as a function of the average
map dispersion for different power levels and channel spacings. Note that for each
simulation, we optimized the dispersion pre- and post-compensation for the center
channel.

Figure 2.5 summarizes the results of the average map dispersion study. The dif-
ferent curves in each subplot correspond to different power levels of the signal and
different subplots represent the results for the channel spacing values of 25, 50, and
100 GHz. All curves have a minimum around D,,,, = 0, but, for the lowest input
power level (diamonds), the minimum is less deep because the nonlinear interactions
become weaker with a lower signal power. We also see that the range of the optimal
map dispersion is large spanning from —1 to —0.3 ps/nm/km and variation in eye
opening in this range are small. Existence of the optimum range of map dispersion
values is explained by the tradeoff between the intra- and inter-channel nonlinear
interactions. For large values of dispersion, the adjacent channels slide through each
other faster, thus reducing inter-channel crosstalk. However, large values of disper-
sion cause a larger number of bits within one channel to overlap, resulting in an
increase in the intra-channel distortion. When the total map dispersion is close to

zero, intra-channel effects are weak, and the inter-channel crosstalk dominates the
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eye closure [10]. Note that some of the curves are not smooth, which is attributed to
inter-channel pattern dependence effects.

For all channel spacings, the results are qualitatively the same: If the average map
dispersion is close to zero, the system performance is substantially worse for all three
channel spacings, but this effect is more noticeable for systems with smaller channel
spacing, since the inter-channel interactions increase when the channel spacing is
decreased [10]. Moreover, as the channel spacing decreases, the absolute values of
optimum map dispersion increase.

The dispersion map parameters and other system data that we used in this work

are summarized in Table 2.2.

Pre-compensation 51 km of D, fiber
Post-compensation 90 km of D_ fiber
Length of D, fiber in one map 34 km
Length of D_ fiber in one map 17.44 km
Number of dispersion map periods 100
Input peak power 5> mW
Bit rate 10 Gb/s
Pulse width (FWHM) 35 ps
Channel spacing 50 GHz
Number of channels 9
Optical demultiplexor 3-rd order super Gaussian, FWHM = 35 GHz
Electrical filter 5-th order Bessel, HWHM = 8 GHz

Tab. 2.2: System parameters.
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3. MODELING THE EFFECTS OF FIBER
NONLINEARITY IN OPTICAL
COMMUNICATIONS

In this chapter we discuss commonly-used techniques to model the effect of fiber
nonlinearity on the light propagation.

The nonlinearities in silica fibers can be classified into two categories: stimulated
scattering and the Kerr effect that manifests itself in a nonlinear index of refrac-
tion [48], [68]-|72|. Raman and Brillouin scattering causes a power-dependent gain or
loss, and the Kerr effect causes an intensity-dependent phase change, which coupled
with the dispersion leads to amplitude distortion of the signal. In Brillouin scatter-
ing, an optical wave interacts with a sound wave (acoustic phonons) in the medium
and can produce a Stokes wave downshifted from the pump wave in frequency. The
typical Stokes shift in Brillouin scattering is on the order of 10 GHz and therefore
it does not cause interchannel crosstalk. The Brillouin gain linewidth is on the or-
der of 20 MHz and hence it typically has a negligible effect on modulated signals.
Stimulated Raman scattering is due to the interaction of light and the molecular
vibrations of the medium (optical phonons). In amorphous materials such as silica,
molecular vibrational frequencies spread into bands that overlap and create a contin-
uum [73]. Therefore the Raman gain in silica extends over a frequency range of more
than 40 THz, which is large compared to Brillouin gain bandwidth. The peak of the

Raman gain occurs near 13 THz. The wideband Raman gain leads to a noticeable

22
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crosstalk between WDM channels that are separated in wavelength by as much as
10 nm.

The intensity-dependent refractive index gives rise to three effects: self-phase mod-
ulation (SPM), cross-phase modulation (XPM), and four-wave mixing (FWM) [10],
|74]. Self-phase modulation refers to the phase modulation of the signal within one
frequency channel due to the intensity changes in this channel, while XPM refers to
the phase changes induced by the intensity variations in different frequency channels
of a WDM system. These effects lead to spectral broadening of the signals, and
phase modulation is converted into intensity fluctuations by the fiber dispersion. In
FWM, the beating between the optical waves of different frequencies leads to energy
exchange between them and to the generation of light at new frequencies. When
three waves of frequencies f;, f;, and f; interact, they generate a wave at a frequency
fijk = fi + fj — fu- Thus, three co-propagating waves generate nine new optical
waves [74]. If the frequency channels are evenly spaced, FWM leads to energy ex-
change between these channels causing crosstalk. Significant FWM occurs only if the
relative phase of the mixing waves nearly vanishes. The efficiency of FWM is roughly
inversely proportional to the square of fiber dispersion. In modern fibers the efficiency
of FWM is greatly reduced by the use of a large local dispersion, so that the impact
of FWM on the system is much smaller than the effects of SPM and XPM.

In this work we focus our attention on the effects of SPM and XPM.
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3.1 Full system model

3.1.1 Split-step Fourier method: Theory

By a full system model, we mean a model of light transmission through an optical fiber
based on the NLS equation (2.2) and using the exact input pulse shape (2.1). A full
system model involves solving (2.2) numerically and then calculating the waveform
distortion due to the fiber nonlinearity. One may use Monte Carlo approach in which
one repeatedly solves (2.2) while changing the input bit sequences in all the WDM
channels at random for each new run. One can then build a histogram of the received
current to estimate its pdf as, for example, in [75]. A more common approach is to
solve (2.2) once for a randomly chosen set of bit strings to calculate the standard
deviation of the sampled current [7], [18]. The length of the bit sequences should be
long enough for this standard deviation to converge, as it was shown in [18|.

Equations of type (2.2) may be solved numerically using either the finite difference
or split-step Fourier methods [76], [77]. The split-step Fourier method is convenient
for its simplicity and flexibility in dealing with higher-order dispersion, the Raman
effect and filtering and therefore it is the most widely used approach [7], [10], [18],
|48, |78]-|81].

The efficiency of the split-step method depends on both the time (or frequency)
domain resolution and the distribution of step sizes along the fiber. In simulations of
optical fiber transmission systems, the time and frequency resolutions are respectively
determined by the bandwidth of the signal and the number of bits that are to be
propagated through the system. Consequently, the properties of the signal determine
the minimum required number of Fourier modes. Although the number of Fourier
modes affects the accuracy of the numerical solution, as was shown in [80], it does not
change the qualitative behavior of the spatial step size selection algorithm. Therefore,

we only discuss the accuracy and efficiency of different spatial step size selection
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criteria.

A variety of step size selection criteria, most based on physical intuition, have
been proposed for optimizing the split-step method. The figure of merit for each
criterion is the computational cost for a given resulting global accuracy. Historically,
in numerical methods used to solve (2.2) the step-size distribution was optimized
for simulating soliton propagation. However, this optimization is not necessarily
appropriate for modeling modern transmission systems, which often feature both
high and low dispersion and relatively small nonlinearity, by which we mean that the
nonlinear length scale is long compared to typical dispersion length scales.

In the numerical simulations performed in this dissertation, we used a a method
called the local error method, in which the step size is selected by bounding the rel-
ative local error of the step [80]. We will describe this method in this section and
compare its performance to four commonly used step-size selection methods that are
based on physical intuition. In the first of these four methods, called the nonlinear
phase rotation method, the step size is chosen so that the phase change due to non-
linearity does not exceed a certain limit [10]. This method was designed with soliton
propagation in mind. The second, the logarithmic step size method, is designed to ef-
ficiently suppress spurious four-wave mixing, by employing a logarithmic distribution
of the step sizes [82]. In the third method, the walk-off method, the step size is chosen
to be inversely proportional to the product of the absolute value of dispersion and
the spectral bandwidth of the signal. The idea behind this criterion is to resolve the
collisions between pulses in different channels or at least to have a measure for the
violation of this criterion. This method was designed for low power, multi-channel
systems. In the fourth, the constant step size method, the step sizes are kept constant
along the whole transmission path.

The local error method is inspired by and closely related to widely-used algorithms

for adaptively controlling the step size in ordinary differential equation solvers [83|. In



26

particular, we have adopted the well-known techniques of step-doubling to estimate
the local error and linear extrapolation to obtain the higher-order solution. As is
typically the case for higher-order schemes, our scheme has the advantage that it
is much more computationally efficient than a second-order scheme when the global
accuracy is high [84]. On the other hand, it can be less efficient at low accuracy. This
behavior is consistent with the results of Fornberg and Driscoll [85], who compared
split-step methods of order 2, 4, and 6 with several higher-order linear multistep
methods. For a two-soliton collision, Fornberg and Driscoll showed that for the global
error range of 1073-1072, the second-order split-step scheme is more efficient than the
fourth- and sixth-order schemes. However, for global errors smaller than 107%, the
higher-order schemes become more efficient. We found similar qualitative behavior

for the second-order schemes and third-order local error method that we discuss here.

Origin of the split-step error

To estimate the local and global errors in the split-step Fourier method it is convenient

to represent (2.2) in the form

a“éi’ D (D4 Rul)u(=b), (3.1)

where D = —i(3"/2)0%/dt?+g is the linear operator and N[u] = i7|u/? is the nonlinear
operator. In the symmetric split-step scheme, the solution to (3.1) is approximated
by

u(z + h,t) =~ exp (g ﬁ) exp {hN [u(z + g, t)} } exp (g ﬁ) (3.2)

Since operators D and N do not commute in general, the solution (3.2) is only an
approximation to the exact solution. An argument based on the Baker-Campbell-
Hausdorff formula shows that the local error, which is the error incurred in a single

step of the symmetric split-step scheme, has a leading order term which is of third
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order in the step size h, i.e., the error is O(h3) [86]. Since the total number of steps
in a fiber span is inversely proportional to the average step size, the global error
accumulated over a fiber span is second order in the step size, O(h?).

Finding an optimal step size distribution depends on the particular optical trans-
mission system. We will review several criteria for choosing the step size in the
split-step Fourier method, and we will introduce a new criterion based on a measure

of the local error.

Nonlinear Phase Rotation Method

The nonlinear phase rotation method is a variable step size method that is designed
for systems in which nonlinearity plays a major role. For a step of size h, the effect of

the nonlinear operator N is to increment the phase of u by an amount ¢xi, = vlul?h.

If we impose an upper limit ¢J;* on the nonlinear phase increment ¢, we obtain

the bound on the step size:
NL
h < e (3.3)

This criterion for selecting the step size was originally applied to simulate soliton
propagation and is widely used in optical fiber transmission simulators. However, as
we will show, this approach is far from optimal for many modern communications

systems.

Spurious Four-Wave Mixing and Logarithmic Step Size Distribution

An improper distribution of the step sizes may lead not only to a general reduction of
accuracy, but also to numerical artifacts. Forghieri [87] demonstrates that the power
of the four-wave mixing products can be greatly overestimated by a constant step
size method since four-wave mixing is a resonance effect. To efficiently suppress this
numerical artifact, Bosco, et al. [82] used a logarithmic distribution of the step sizes

to keep the spurious four-wave mixing components below a certain level. For a fiber
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span of length L and loss coefficient g, the step size of n-th step is given by

hn:—iln 1 —no

29 l1—(n—1)0 (3:4)

where o = [1 — eXp(—QgL)} /K, and K is the number of steps per fiber span. We will

call this implementation of the split-step method the logarithmic step size method.

Walk-off Method

In many optical fiber communications systems chromatic dispersion is the dominant
effect, and nonlinearity only plays a secondary role, particularly in multi-channel
systems in which the wavelength channels cover a broad spectrum. In this case it
can be reasonable to use the walk-off method, in which the step size is determined
by the largest group velocity difference between channels. The basic idea is to choose
the step size to be smaller than a characteristic walk-off length. In a multi-channel
system with large local dispersion, pulses in different channels move through each
other very rapidly. To resolve the collisions between pulses in different channels, the
step size in the walk-off method is chosen so that in a single step two pulses in the two
edge channels shift with respect to each other by a time which is a specified fraction

of the pulse width. Consequently, the step size is given by
h=——m1, (3.5)

where AV} is the largest group velocity difference between channels and C' is a con-
stant that can vary from system to system. In any system, AV, = ‘DQ)\Q — Dl)\l‘,
where D; and Dy are the dispersions corresponding to the smallest and largest wave-
lengths A; and Ap. Since AV} is constant in any particular kind of fiber, the step size is
constant in each fiber segment. The walk-off method can be applied to single-channel

as well as multi-channel systems by choosing A; and A\ at the two edges of the signal
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spectrum.

Constant Step Size Method

The simplest way to implement the split-step Fourier method is to use a constant
step size along the whole transmission path. The global accuracy can be improved
only by increasing the total number of steps. Note that the walk-off and constant

step size methods are identical in systems with only one type of fiber.

Local Error Method

In practice, it is desirable to have a general criterion for choosing the step size dis-
tribution that is close to optimal for an arbitrary system. Adaptive methods for
controlling the step size using a measure of the local error are widely used in ordinary
differential equation solvers [83]. We have implemented a scheme based on bounding
the error in each step using the technique of step-doubling and local extrapolation.
Given the field v at a distance z, our aim is to compute the field at z + 2h. Suppose
that we perform one step of size 2h in a symmetric split-step scheme. We will refer
to the solution obtained at z + 2h as the coarse solution, u.. Since the local error in

the symmetric split-step scheme is third order, there is a constant « so that

Ue = ug + K(2h)% + O(hY), (3.6)

where the true solution wu; is the exact solution at z + 2h obtained from the given
solution at z. When we write that u = v + O(h*) for some functions u and v, we
mean that |u —v| < Ch?, for some constant C. Next, we return to z and compute
the fine solution uy at the same distance z 4 2h using two steps of size h. As above,

the fine solution is related to the true solution by

up = u; + 26h* + O(hY). (3.7)
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By taking an appropriate linear combination of the fine and coarse solutions we can
obtain an approximate solution at z 4+ 2h for which the leading order error term
is of fourth order in the step size h [83]. From (3.6) and (3.7) it follows that this

higher-order solution is given by

4 1
ug = gup = guc = uy + O(h*), (3.8)

which we take as the input to the next step of size 2h.
In the local error method the step size is adaptively chosen so that the local error
incurred from z to z+2h is bounded within a specified range. The relative local error

04 of the higher-order solution is defined by

s =]

5y = , 3.9
SR (3.9

1/2
where the norm ||u|| is defined as ||u|| = <f |u(t)]2dt> . However, since we cannot
compute the true solution u; in practice, we cannot compute the local error using (3.9).
Instead, we define the relative local error of a step to be the local error in the coarse

solution relative to the fine solution:

_ ey = ]

) = —— 3.10
sl (3.10)

Notice that ¢ is a measure of the true local error d4, since § can be obtained from
304 by replacing u; by us. The step size is chosen by keeping the relative local error
d within a specified range (1/2d¢, dg), where d¢ is a specified local error target. If
0 > 20q, the solution is discarded and the step size is halved. If § is in the range
(8, 20¢), the step size is divided by a factor of 2'/3 for the next step. If § < 1/26¢,
the step size is multiplied by a factor of 2'/3 for the next step. The reason for choosing

this factor is that the local error should change by a factor less than 2, since it is
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proportional to h3.

Rather than simply computing the fine solution, our method computes both the
fine and coarse solutions. Although it requires 50% more Fourier transforms than does
the standard symmetric split-step method, the method yields both a higher-order
solution, which is globally third-order accurate and a measure of the relative local
error, which is used to control the step size. However, it is important to understand
that the higher-order solution wu,4 is not always more accurate than the fine solution
uy, especially when the step size is large, since we are bounding the local error ¢ of
the coarse solution relative to the fine solution, rather than using the true local error
4.

Since we do not make any assumptions about the physical properties of the system,
such as the amount of nonlinearity or dispersion, we expect the local error method
to work well in an arbitrary system. In order to simulate a system with optimal
efficiency, one must first ascertain the major sources of the split-step error. Assuming
that the system is dominated by one source of error, one can select an appropriate
criterion for choosing the step sizes. The local error method allows us to deal with
general systems when the major source of error is unknown or may even change
during the propagation, or when performing a series of simulations in which the
system parameters are varied. The method can be applied to a variety of systems

without sacrificing too much computational efficiency.

3.1.2 Split-step Fourier method: Numerical examples

In this part we compare the efficiency of the five implementations of the split-step
method described above. Since most of the computational time is consumed by
evaluating fast Fourier transforms (FFTs), we use the number of FFTs per simulation
as a measure of the total computational cost [85]. We used the following scheme to

compare the different methods. First, we compute a solution u, that is accurate to
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machine precision using the standard symmetric split-step method (with step sizes
on the order of 5 cm). Next we compute the numerical solution w, for each of the

different split-step implementations, and calculate the global relative error ¢ defined

by
o | tn — tql|

€= , (3.11)
“uaH

where we use the norm defined in Section 3.1.1. We compare the performance of the

different methods by plotting the number of FFTs versus the global relative error.

Higher-Order Solitons

We start with the propagation of second- and fifth-order solitons. These systems
are both highly nonlinear. In addition, higher-order solitons are very sensitive to
numerical errors, thus requiring an efficient adaptive algorithm. The exact functional
form of the N-soliton solution can be found in [88]-[93]. We use an anomalous-
dispersion fiber with 3”= —0.1 ps?/km. The initial pulse is a hyperbolic secant
of the form u(t) = An(|8"|/7) l/2se(:h(7715), where the nonlinear coefficient is v =
2.2 W~lkm™!, the inverse pulse duration is n = 0.44 ps—!, and where A = 2 and
A = 5 for the second-order and fifth-order solitons respectively. The corresponding
FWHM pulse duration is 4 ps and the peak powers are 35 mW and 220 mW for
the second- and fifth-order solitons respectively. The number of Fourier modes is
1024 and the simulation time window is 50 ps. We show the performance of the
different implementations of the split-step method applied to the second-order soliton
in Fig. 3.1(a) and to the fifth-order soliton in Fig. 3.1(b).

In Fig. 3.1, we have plotted the number of FFTs versus the global relative error for
the different step-size criteria. Although the performance of the local error method is
not significantly better in the range of low accuracy values 1072-1073, at high accuracy
the computational cost of the local error method is one or two orders of magnitude

less than for other methods. Notice that the nonlinear phase method performs better
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Fig. 3.1: Plot of the total number of FFTs versus global relative error ¢ for second-
order (a) and fifth-order (b) solitons.
than the constant step size method, consistent with the system’s large nonlinearity.
The slope of the local error method curve is less than those of the other two methods
since the constant step size and nonlinear phase methods are globally second-order
accurate, while the local error method is globally third-order accurate. The walk-off
and constant step size methods are identical since this system includes only one type
of fiber. The logarithmic step size method reduces to the constant step size method

because the fiber is lossless, and (3.4) leads to a constant step size distribution.

Soliton Collisions

Soliton collisions can be a good test for numerical methods because the subtle effect
of four-wave mixing cancellation after the collision is very sensitive to numerical
errors [89]. The fiber type and the initial pulse shape are the same as in the previous

section, except that A = 1. The pulse duration is 4 ps and the peak power is 8.8 mW.
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Fig. 3.2: Plot of the total number of FFTs versus global relative error € for a collision
of two first-order solitons.

We launch two soliton pulses separated in time by 100 ps and with a central frequency
difference of 800 GHz. The number of Fourier modes is 3072 and the simulation time

window is 400 ps. We show the performance of the different methods in Fig. 3.2. The
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Fig. 3.3: Step size h as a function of distance for the local error method applied to
a collision of two first-order solitons.

local error, constant step size, and nonlinear phase rotation methods perform equally
well at low accuracy, when the global error is in the range 1073-107!, while the local

error method is much more efficient when the global error is less than 1074 Global

errors less than 107 are required to estimate the four-wave mixing terms correctly
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and to have them cancel out after the collision. The nonlinear phase method still
works better than the constant step size method because the nonlinear interactions
are critical in the propagation. As before, the logarithmic step size and walk-off
methods reduce to the constant step size method.

Using the example of a soliton collision, we illustrate the adaptive behavior of the
local error algorithm. Fig. 3.3 shows the step size as a function of propagation distance
for the soliton collision when the targeted range for the local error is (0.5x 107°, 107°)
and the initial guess for the step size is 1000 m. Since the local error for this initial
step is much less than the targeted range of values, at each step the step sizes are
increased until the local error is within the targeted range. The pulse collision occurs
at a distance of 200 km. At this point, we observe a significant decrease in the step
size, which is necessary to accurately resolve the collision. After the collision, the step
size is increased to the same value as before the collision. The last step is smaller
than the previous step simply because the remaining section of the fiber is shorter

than the step size chosen by the algorithm.

Single-Channel Systems

In this part we study periodically-stationary dispersion-managed soliton (DMS) and
chirped-return-to-zero (CRZ) systems that resemble experimental systems |55], |94].
The DMS system is highly nonlinear, meaning that both dispersion and nonlinearity
determine the signal evolution, while the CRZ system is quasi-linear and the evolution
is mostly determined by dispersion [95|. Thus we are studying the four split-step
implementations using two different types of systems. We include fiber attenuation
and gain, but we do not consider amplifier noise. We use 64-bit random bit streams
that repeat periodically. We stress that our goal is to test the performance of the
numerical methods for realistic systems rather than to achieve optimal propagation.

Consequently, it is important that we have pulse streams rather than single pulses,



36

that we use dispersion management, and that we include the effects of fiber loss and
amplifier gain.

The DMS system is based on a 107 km dispersion map, which consists of four
dispersion-shifted fiber spans, each of 25 km, with normal dispersion equal to
—1.10 ps/nm-km, followed by 7 km of standard single-mode fiber with anomalous
dispersion of 16.6 ps/nm-km at 1551 nm [94|. The loss in both fibers is 0.21 dB /km,
and the amplifier spacing is 25 km with an additional amplifier after the standard
single-mode fiber. We use Gaussian pulses with a FWHM duration of 9 ps, as is
appropriate for a 10 Gbit /s bit rate. The peak power is 8 mW. The signal is launched
in the middle of a span of anomalous fiber to ensure the periodicity of the pulse shape
as it propagates along the fiber. The propagation distance is 1,280 km. The simu-
lation time window is 6400 ps and the number of Fourier modes is 6144. We have
not included a dispersion slope in this system since there is only a single channel and
previous work indicates that higher-order dispersion plays no role [94].

The CRZ system is based on a 180 km dispersion map consisting of 160 km of
dispersion-shifted fiber with dispersion —2.44 ps/nm-km, followed by 20 km of stan-
dard fiber with dispersion 16.55 ps/nm-km [55]. The dispersion slope is 0.075 ps?/nm-
km and the fiber loss is 0.21 dB/km for both fibers, while the amplifier spacing
is 45 km. Symmetric dispersion pre- and post-compensation is performed using
fiber spans of length 2.0 km, where the dispersion is 93.5 ps/nm-km, the slope is
—0.2 ps?/nm-km and the loss is 0.5 dB/km. The initial pulses are phase-modulated,
raised-cosine pulses with 1 mW peak power and a chirp parameter equal to —0.6 [95].
The bit rate is 10 Gbit/s and the propagation distance is 1,800 km. The simulation
time window is 6400 ps and the number of Fourier modes is 4096.

The performance of the four split-step implementations for the single-channel DMS
and CRZ systems is shown in Figs. 3.4(a) and (b) respectively. In both systems, the

local error method performs best over the entire range. Due to its higher order of ac-
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Fig. 3.4: Plot of the total number of FFTs versus global relative error ¢ for the
single-channel (a) DMS and (b) CRZ systems.

curacy, the data points for the local error method lie on a line with a smaller absolute

slope than those of the other methods, as expected. However, all methods become

comparable in the range of global errors 1073-107}, the region of most interest in sim-

ulating fiber optic links. We note however, that in the CRZ system the performance

of the logarithmic step size method is somewhat poorer than that of the nonlinear

phase and walk-off methods.
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Multi-Channel CRZ System

In order to compare the split-step implementations for modeling multi-channel com-
munications systems, we used the same CRZ system as described above. In Fig. 3.5,
we show the performance of the split-step selection criteria on a 5-channel CRZ system
with a 50 GHz channel spacing. As in the single-channel case, the local error method
is much more efficient at high accuracy. However, at low accuracy, with the global
error in the range 10731071, the walk-off method performs best. At low accuracy, the
local error method does not perform as well as the walk-off method for the following
reasons. First, in the multi-channel CRZ system, the step size within each fiber in
the local error method varies approximately within a factor of two, and the average
value is comparable to the step size in the walk-off method for a given global error.
However, each pair of steps in the local error method is 50% more expensive than in
the walk-off method. In addition, when the step size is large and the global accuracy
is low, the higher-order solution u4 may not be as accurate as the fine solution u;.
Indeed, we have observed that the local error method performs slightly better at low
global accuracy if we keep the fine solution u instead of the higher-order solution w4
at each step.

Next, we observe that the nonlinear phase rotation method does not perform as
well as the walk-off method in the multi-channel CRZ system, although the perfor-
mance of the two methods is comparable in the single-channel DMS and CRZ systems.
There are two major reasons for this behavior. First, in contrast to the single-channel
case, the walk-off criterion becomes more physically relevant in a WDM system, in
which pulses in different channels collide. Second, the step size in the nonlinear
phase rotation method is determined by the peak power in the time domain. In the
single-channel CRZ system, the power function contains spikes due to the overlap
between neighboring pulses. However, between amplifiers the peak power decreases

monotonically with distance due to fiber attenuation. By contrast, the peak power
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multichannanel CRZ system.

of the multi-channel system does not decrease monotonically with distance but con-
tains irregular spikes because pulses from different channels rapidly pass through each
other. As a consequence, there is a significant proportion of step sizes in the nonlinear
phase rotation method that are much smaller than they need to be for a given global
accuracy. The logarithmic step size method is not efficient in the CRZ system be-
cause the step size choice is only based on limiting spurious four-wave mixing, which
is only one of the potential sources of error in a multi-channel simulation. We also
found that in the logarithmic step size method, the error grows most rapidly in fibers
with high dispersion. We find that the constant step size method is inefficient in the
multi-channel CRZ system. The reason it performs so poorly is that for a given step
size the global error does not accumulate linearly with distance. Consequently, in
some sections of the transmission line the global error grows rapidly, while in others
the error accumulates very slowly and computational effort is wasted.

In Figure 3.6, we show the step sizes in the local error method as a function of
propagation distance when the targeted range for the local error is (0.5 x 107%, 2 x
10~%). The upper two plots show the step sizes for the first two and last two periods

of the dispersion map, and the lower two plots show the corresponding portions of
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Fig. 3.6: Step size h as a function of distance for the local-error method applied to
the multichannel CRZ system. The upper two plots show the step sizes for
the first two and last two periods of the dispersion map, and the lower two
plots show the corresponding portions of the dispersion map. Triangles
indicate the positions of amplifiers.

the dispersion map. The amplifiers, marked by triangles, are placed after the pre-

compensation fiber, and then every 45 km. Notice that the step size increases as

the signal power and the strength of the nonlinear interactions decrease due to the

fiber loss. Also note that step size is smaller in fibers with higher dispersion since the

pulses in neighboring channels move faster with respect to each other.

Variation of Method Parameters

In this part we address two important questions concerning how the method param-
eter should be chosen to achieve a desired global accuracy. The method parameter

is the parameter in a split-step method that we vary to adjust the accuracy of the
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method. First, for a given global error, how much does the method parameter depend

on the particular system? Second, by what factor should the method parameter be

decreased to halve the global error?
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step methods.

To answer the first question, in Figs. 3.7(a)—(e), we show the dependence of the

global error on the method parameter for the local error, walk-off, nonlinear phase,
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logarithmic step, and constant step size methods respectively. Although the walk-off
method is the most efficient in some cases, it exhibits the worst system dependence. In
particular, for the five systems we studied, when the global error is 1073 the walk-off
parameter varies over five orders of magnitude, whereas the parameter for the other
three methods vary only over one to two orders of magnitude. Even omitting the
two soliton systems from the comparison, the walk-off method has a greater system
dependence than the local error method. Consequently, each new system requires a
significantly different walk-off parameter to achieve the same global accuracy.

To answer the second question we examine the slopes of the curves in Fig. 3.7.
For the walk-off, nonlinear phase, and logarithmic steps methods, the slopes are
approximately 2, as expected, since these three schemes are second order and the
step sizes depend linearly on the method parameter. Ideally, the global error should
depend linearly on the local error. However, for the local error method the slopes
of the curves in Fig. 3.7(a) are approximately 1.3, rather than 1. The reason for
this discrepancy is that the true local error (3.9) is unavailable. Instead, we use an
estimate of local error given by (3.10). In addition, in our local error algorithm,
the local error (3.10) is maintained within a range of values rather than being kept

constant.
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3.2 Common reduced models

Solving the NLS equation numerically enables one to calculate the solution with high
accuracy, typically limited by the numerical roundoff error. However, in many cases
the computational cost of the numerical solution for WDM systems is unacceptable. A
typical approach to efficiently evaluate the nonlinear crosstalk is to separate different
nonlinear effects and calculate the signal distortion, the eye opening penalty, or the Q-
factor degradation [7], [14], [33], [34], [48], [74], [96]. There exists a variety of methods
for the evaluation of different nonlinear effects 7], [12], [16], [18]-[20], [28]-[30], [32],
[35]-[37], [39], [41], [74], [97], [98], most of which are focused on the effect of XPM,

as the dominant nonlinear effect in modern optical fiber communications systems.

3.2.1 Non-return-to-zero transmission

Most of the work to date on nonlinear impairments for the NRZ format is based on a
pump-probe analysis and linearization of the distortion around the signal. The per-
turbation of the signal due to nonlinear interactions is assumed to be small compared
to the signal and then one can derive linear equations for the perturbation. It is
also typical to neglect the effects of self-phase modulation and dispersion on pump
signal [16], [28]-[30] or to assume that dispersion is small [31], [37]. We will review
the most common methods and we will only focus on the theoretical results of the

publications discussed.

Additive perturbation approach

Chiang, et al. [28] introduced a pump-probe model to estimate the XPM-induced

phase shift. The starting point is the equation for the electric field envelope of the
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probe wave u; in the presence of a pump wave with the envelope wuy,

ou; « 1 Ou;

9. T2 T e T iy (s * + 2fun*)uy, (3.12)

where o is the attenuation coefficient, v; is the group velocity of the j-th wave,
and < is the nonlinear coefficient. The effect of chromatic dispersion within a single
wavelength channel is neglected. The evolution of the power Py of the pump wave is

assumed to be in the form

2

Py(z,t) = e %, (3.13)

U (O,t - i + d]kZ)
U

where dj, = vj’l — vk’l ~ D(\; — i) is the walkoff parameter, with D being fiber
dispersion and J; ; the wavelengths of the probe and pump. Assuming a continuous-

wave (cw) probe and a sinusoidally-modulated pump,

P](Ovt) = ‘uj(oat)P:PjO (314&)

P.(0,t) = |ug(0,t)]* = Ppo + Pep cos(wt + 0), (3.14b)
Chiang, et al. show that the phase of the probe wave is given by
$;i(z,t) = v(Pjo + 2Pyo) Let + 27 Pym~/N Lest cOS {w(t - vﬁ +60+ go)] : (3.15)

J

—OLL)

where Leg = (1 —e /a, 1 is the XPM efficiency given by

(3.16)

)= o? [1 4sin®(w djy, L/2)eO‘L]

o? + de?k (1 —eal)2
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and
¢ = arg(a + iwdy) + arg [e ™" cos(wdj L) — 1 — ie~*" sin(wd, L)). (3.17)

The power of an arbitrarily modulated signal can be represented as a Fourier
integral

Pi(z,t) = % /00 Pi(z,w) exp(—iwt)dw, (3.18)

where f’k(z,w) is the spectrum of the pump wave intensity. Then the XPM-induced
phase shift is given by

6i(2,1) = — / " H(w) B0, ) cos {w (t _ i) + 9} exp(—iwt)dw,  (3.19)

2r J_o oF

where H(w) is the fiber XPM frequency response

H(w) = 27v/1(w) Leg explig(w)] (3.20)

Equations (3.19) and (3.20) suggest that XPM acts on a signal as a phase modulator.
The input to this modulator is the pump wave modified by the fiber response function
H(w). The authors also extend the analysis to the multi-span transmission systems.
This analysis does not provide the amplitude distortion that occurs due to the action
of dispersion on the cross-phase-modulated signal.

Hui, et al. [16] extended the work by Chiang, et al. [28| by calculating XPM-
induced amplitude distortion and including the effect of dispersion on the probe sig-
nal. The theoretical model of XPM-induced crosstalk is also based on a pump-probe
approach, in which the probe is cw and the pump is arbitrarily modulated, while the
distortion induced by XPM is considered a small perturbation. The starting point

is a propagation equation that is similar to (3.12) but it includes dispersion in the
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probe signal so that

ou; «
— + Euj

0z

1 a ) "N 92,, .
10y 070
Uj 8t 2 8t2

= iy(Juy)? + 2|ur*)uy, (3.21)

where (3" is the chromatic dispersion. The pump wave is assumed undistorted and
its evolution is described by (3.14b). Assuming that the phase and amplitude pertur-
bations are small and using a variable separation technique similar to the split-step
method, one can obtain the following expression for the XPM-induced power varia-
tion:

sin(3"w?z/2)

081(w, 2) = 47 P;(0) P, (0, w) ot iodo
j

exp (iwz/v; — az). (3.22)

This result is then generalized to the case of multi-span systems. For an arbitrary

pump and probe waveform, Hui, et al. find that the crosstalk is given by

081(w, 2)

Cix(t) =FT! {FT[mk(t)] HR(W)} m;(t), (3.23)

P; exp(—az)

where Hp(w) is the receiver frequency response function, m;(t) and my(t) are the
normalized probe and pump waveforms at the transmitter, and FT(-) indicates the
Fourier transform, defined by (2.3). The system impact is defined in this work as
the maximum eye closure. We note that no justification was given for the undis-
torted pump assumption. Since Hui, et al. did not compare their results to exact
simulations it is not possible to assess the importance of this assumption from this
work. Cartaxo [32], [99] showed that this assumption leads to inaccurate results in
multi-span systems.

A related approach that is often cited in the literature is the small signal analysis
that was originally developed by Wang and Petermann [100] to study the propaga-

tion of a noisy signal from a laser diode through a dispersive fiber. This approach
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describes the conversion of intensity and phase modulation originating from an ar-
bitrary noise source. The main analytical result of this work is that given a weak
intensity modulation AS;,(w) normalized to the average input intensity and a weak

phase modulation ¢;,(w), the intensity and phase at the fiber output are given by

ASgu(w) = cos(w?F) ASi(w) + sin(w? F) ¢, (w) (3.24a)

Gous(w) = —sin(w?F) ASpy(w) + cos(w?® F) ¢ (w), (3.24b)

where F' = —(3"2/2. Equations (3.24a) and (3.24b) relate intensity and phase modu-
lation during transmission through the fiber. Although this approach does not take
into account fiber nonlinearity, it can be used to calculate the intensity and phase
modulation that is induced by the Kerr effect.

Using the small signal analysis, Cartaxo [32] derives an expression for the intensity
of the XPM-induced distortion. The input to the fiber is a cw probe and a modulated
pump signal. Using (3.12), one can calculate the phase modulation produced along
the fiber, and, assuming that it is small, apply (3.24a) and (3.24b) to calculate the
intensity distortion. In this approach, the effect of fiber dispersion on the pump
waveform is taken into account only approximately. The evolution of the pump

waveform is calculated using the small signal analysis:

Py(z, w) = Pr(0, w) cos(qz) exp (—az +iwz/vy) (3.25)

where ¢ = w?D A2 /(47c) with Dy, and \; being dispersion coefficient and wavelength
of the pump channel. Note that this approximation is only valid for weak dispersion
and narrow-band signals. It cannot be applied to typical RZ-modulated signals as

RZ pulses typically undergo significant dispersive broadening. It can then be shown
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that the XPM-induced intensity variation is described by [32]

Pxpri(w) = 29P;(0) P(0,w) exp (—az + iw/v;2)

<m {a sin(bz) — (b + q) cos(bz) + [asin(qz) + (b+ q) Cos(qz)]e—az}
" ﬁ {asingb:) - (b - ) cos(b)  asin(g2) + (b g)cos(g2)e "} ).

(3.26)

where a = a +iw dji, b = w?D;A;/(4mc), with D; and A; being dispersion coefficient
and wavelength of the probe pump channel. For an arbitrary modulation, the pump

intensity can be represented using (3.18). Then the intensity fluctuation is given by
mod 1 oo » .
Pon(t) = o Hxpy(w) P (w) exp(—iwt)dw, (3.27)

where Hxpy(w) is determined from (3.26) as Hxpy(w) = ﬁXpM(w)/Pk (w). The anal-
ysis is then generalized for multi-span systems [32]. In the case of negligible pump
envelope change and large channel spacing the approaches of Hui [16] and Cartaxo [32]
give the same result, as shown by Bellotti [30].

Bellotti, et al. |30] used essentially the same theoretical approach to derive the
XPM-induced power variation as in [31], [32] employing the small signal analysis [100],
except that the pump waveform distortion due to chromatic dispersion was neglected.
The work by Jiang, et al. [35] also uses the small signal analysis as in [99] neglecting the
pump wave distortion but including the Raman effect. Later, Luis and Cartaxo [37]
extended the analysis by including the effect of SPM on the probe wave. They found
that including the SPM effect can be important when propagating a probe signal with
a power of 7 dBm and a pump signal with a power of 4 dBm over sixteen 80 km-long
spans of standard SMF and DCF fiber.

The validity of the additive perturbation methods described above is commonly
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assessed by estimating the accuracy of the normalized power distortion as a function
of modulated frequency. The analytical results are in good agreement with both full
numerical simulations [16], [28], [30], [32], [37] and experiments [16], [28], [96]. The
main limitation is the assumption that the pump is either undistorted or approxi-
mated by (3.25). In [16], |30], the authors showed a good agreement between the
analytical and numerical approaches by comparing the NRZ waveform distortions.
In [37], |96] the authors calculated the standard deviation of the received current
analytically and showed a good agreement with the numerical simulations. The ap-
proaches described in [16], [28], [30], [32], [37] fail at high power and high dispersion.

No accurate BER calculation has been presented in the literature.

Multiplicative perturbation approach

Ciaramella and Forestieri [36] showed that using a multiplicative perturbation instead
of the traditional additive perturbation can be more accurate in evaluating the wave-
form distortion due to the Kerr effect. Consider a normalized NLS equation in which

the field envelope is redefined such that u(z,t) := u(z,t) exp (az/2),

Ou(z,t) N Zﬂ“(z) 0u(z,t)

0z 9 o ive”*|u(z, ) [Pu(z,t) = 0. (3.28)

Given the linear solution wug(z,t) of (3.28) in the case v = 0, the general solution

to (3.28) is assumed to be of the form
u(z,t) = ug(z,t) exp [—iyd(z, )], (3.29)

where 9(z,t) is a complex-valued function that also depends on 7. Assuming that

is small, one may expand ¥ in a Maclaurin series in 7 as

9 = Zﬁwk. (3.30)
k=0
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The first-order perturbation can be obtained by using the first term ¥y from (3.30).

Then the evolution of ¥ is described by a linear equation

oy " (2 0o Oug 9%y

il - —az 2
9= "2 \uy 0t ot aﬂ)“ o™ (3:31)

Using the split-step Fourier method, one then finds that the solution of (3.31) may
be written |36],

Yo(z,t) = ! ) /OZ [luo(z,t)Puo(z,t)] @ h(z — z,t)e”*"dx, (3.32)

uo(z,t

where h(z,t) = FT ™! [exp(i3"w?z/2)] is the linear fiber impulse response, and the
symbol ® denotes the convolution [36].
Calculating the second term ¢J; in (3.30), one can obtain the second order pertur-

bation

1
Vi(z,t) = 52'19(2)(2, t)
1

uo(z,t)

—1

/OZ {1290(z, 1) — (2, )] uo (2, 1) [Puo(z, 1)} @ h(z — 2, t)e **da.

(3.33)

Even though we consider the first-order term v, in (3.30), the perturbation is called
the second order in the original work [36] because of an extra factor of 7 in the
exponent in (3.29).

As a result, (3.29), (3.32), and (3.33) are the approximate solution to the NLS
equation (3.28) for an arbitrary input signal, which can be either a single channel
or multiple channels in a WDM system. As a measure of accuracy Ciaramella and
Forestieri used the normalized square deviation between the accurate and approximate
solutions for a 16-bit NRZ waveform and they showed that for a single channel NRZ

system, the first-order multiplicative perturbation approach is comparable to the
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first-order additive approach [101], while the second-order multiplicative approach
is up to two orders of magnitude more accurate than the additive theory for the
same computational effort. A significant drawback of this approach is that the signal
uop(2,t) in the denominator of (3.32) and (3.33) can become zero leading to numerical
problems. A suggested way to overcome these problems is to set a finite extinction
ratio or to use the expansion exp(z) ~ 1+ z in (3.29) when ug(z,t) becomes small.
In this case the multiplicative perturbation reduces to the additive perturbation.
However, this approach requires a time- and distance-dependent switch inside the
computation and seriously complicates it. This problem could in principle be resolved
by using a combined additive and multiplicative perturbation approach developed by
Secondini [102], [103], where he introduced an extra variable to avoid the singularity,

but this approach has yet to be applied to nonlinear signal propagation.

Impact on the system performance

In all the work described above, except [36], the effect of XPM is characterized by the
variance of the received current. The XPM impact on the system in [30] is estimated
by first calculating the probe waveform distortion using a 128-bit pseudo-random
sequence in the pump channel and then calculating the standard deviation of the
probe intensity at the receiver. The impact of XPM on the system performance can be
estimated as a variance o%py; of the received current using the power spectral density
Sp(f) of the received current of the probe signal, as has been done in [35], [37], [96].
The power spectral density of a signal is defined as the Fourier transform of its

autocorrelation function [104]. Using (3.27), one can obtain [104]

Sp(w) = 4P;(0)] Hypui ()2 Smod (0, ). (3.34)
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The input power spectral density of the intensity-modulated signal with random bi-

nary data Speq(0,w) is expressed as [104]

o0

- 1 1
Smoa(0,0) = = 1B+ 775 . 5

=—00

-k ok
Pp <K) (5 (C{) — Tbit) s (335)

where Ty is the bit period, and ﬁp(w) is the Fourier transform of a single pulse. The

current variance is then given by

s 1 o o dw
A (3.36)

where H.(w) is the electrical filter transfer function.

3.2.2 Return-to-zero transmission

Both soliton and linear WDM RZ systems are mainly affected by the fiber nonlinearity
in the form of collision-induced timing jitter, which has been a maior focus of recent
research [12], [19], [20], [39], [41], [74], [98], [105]-[110]. All this work is based on
the analysis of two-pulse collisions. The analysis starts with the reduced propagation
equation for a pulse u in the presence of another pulse v that is offset from v in both
time and central frequency

Ju(z,t) N B"(2) O*u(z, 1)
0= 2 oP

— i [Ju(z, ) + 2Jv(z,8) ] u(z, t) = g(2)u(z,t), (3.37)

with the same variables and parameters as in (2.2). The propagation equation (3.37)
is obtained from (2.2) assuming that the frequency separation between the pulses
u and v is much larger than their spectral bandwidths. Also, FWM is neglected

in (3.37). Commonly, the central time and frequency of the pulse u is defined as [12],
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[20], [105]-[107]

1 oo

T, = E/_Oot\UIth, (3.38a)
1 [ ou*

Q. = E/—oo Im ( Y u) dt, (3.38b)

where F = ffooo |u|?dt. Using these definitions, one can obtain the following dynamic

equations for the central time and frequency from (3.37)

dT,

/"
= Qc: :

e 6] (3.39a)

Q. 2y [ L0]?

e = _E/_oo uPZ . (3.39)

Equations (3.39a) and (3.39b) are the starting point for most of the published work [12],
[20], [105]-{107], and they can be used to calculate collision-induced frequency and
time shifts for a given system and pulse shape.

Classical solitons are known to be transparent to complete collisions, so that there
is no change in the central frequency, energy, and shape [89], [105]. Mollenauer, et
al. [106] showed that solitons remain transparent in systems with fiber loss and lumped
amplification, as long as the length of the collision is long enough compared to the
amplifier spacing or to a period of variation in some other parameter, such as the
fiber’s chromatic dispersion. Mollenauer, et al. [106] also derived the first analytical
expression for the frequency shift of a soliton during a two-soliton collision for a
periodically-amplified system with periodically varying dispersion. Let us make the

transformation

uw:=u/VG and z:=zA, (3.40)

where dG/dz = 29G, and A = D/(D) is the dispersion parameter normalized to the
path-averaged dispersion (D). Then the original variations in dispersion and gain

and loss are equivalent to variations in the nonlinear coefficient v(2) := vG(2)/A(z).
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The solution of the propagation equation is assumed to be in the form u = sech(t +
Q2z) exp(—i2z + i) [106], where 2 is the frequency separation between the pulses u

and v. By performing a spatial Fourier transform of (z) as

1

1) = 5 / 5 (k) explik=)dk, (3.41)

one can obtain the collision-induced frequency shift 62 [106],

50 = Im "2 h w#dk, (3.42)
2 Jo Kk sinh®(x)
where x = 7k/(49).

The approach of Mollenauer, et al. [106] has been extended to calculate the stan-
dard deviation of the collision-induced time shift for a large number of pulse collisions
in WDM soliton systems with dispersion decreasing fibers [19], [20], [109].

Devaney, et al. [107] have applied Mollenauer’s theory [106] to two-step dispersion-
managed soliton systems and have shown that the maximum frequency shift decreases
with the strength of the dispersion management irrespective of the fiber sequence.
Devaney, et al. [107] showed that the effectiveness of the dispersion management has
two sources: First, the large local dispersion reduces the residual frequency shift that
is due to single-soliton collisions, and second, the modified collision dynamics, whereby
each complete interaction comprises a number of self-canceling fast crossings. A
similar result was obtained by Hirooka and Hasegawa [111] that includes a description
of the behavior of chirped solitons and a derivation of more accurate expressions for
Gaussian pulses as opposed to using the formulae for hyperbolic-secant pulses.

Collision-induced timing jitter in quasi-linear systems has recently been studied
by Grigoryan and Richter [12], Ablowitz, et al. [39], and Ahrens, et al. [41]. These
methods can be applied to both quasi-linear and soliton systems. In [12], the authors

used a numerical approach to calculate the time shift directly from (3.39a) by solving
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the NLS to obtain the pulse shape u as a function of distance. They also calculated
the standard deviation of the time shift. This approach can efficiently be applied
to arbitrary WDM RZ systems and it takes into account the exact evolution of the
pulses. Ablowitz, et al. [39] calculated the collision-induced time shift in a quasi-linear
system analytically using asymptotic analysis. The pulse shape in [39] is assumed
to be Gaussian and the evolution of the pulses is assumed to be linear. Then by
integrating (3.39a) and (3.39b) and using Gaussian pulses, one can obtain expressions
of form [ f(z)exp[—n¢(z)]dz. The parameter n > 1 is proportional to the square of
the channel spacing and ¢(z) > 0. Integrals of this type are amenable to asymptotic
analysis, specifically, by Laplace’s method [112|. For large n the exponent decays
rapidly away from the minimum points of ¢(z) and the integrals can be evaluated
as sums of Gaussian-type integrals. Physically, the minima of ¢(z) are located at
the centers of collisions. For a complete collision, the residual collision-induced time

shift dt; is approximately given by

(3.43)

where E is the initial pulse energy, (D) is the path-averaged dispersion and 22 is the

frequency separation between the pulses. For an incomplete collision [113],

5te ~ L e )+ 9(10/2 — FiB)z) — 9(16/2 — Fu0)2)

~ArQ(D)z

+9([0/2 + fa(1 = 0)]za) — 9([0/2 + fo(1 = 0)zd]) }

(3.44)

where I' is the loss coefficient, z, is the amplifier spacing, f, = 1/2 — z9/L., f, =

1/2 4 (L — 20)/ Loy €(fas fo) = 0if (fo — 1/2)(fy — 1/2) > 0 and &(fu, fy) = 20z, if
(fa—1/2)(fy — 1/2) < 0, and the function g(z) is given by

B 21z,
1 —exp(—2Tz,)

g(z) exp(—2I'z). (3.45)
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The parameter 6 is the fraction of the map with dispersion D; of a two-step dispersion
map. Ahrens, et al. |[41] extended this approach for the case of quasi-linear systems
with dispersion pre- and post-compensation. This asymptotic approach agrees well
with full numerical simulations for a 10 Gb/s system with Gaussian pulses and chan-
nel spacing larger than 100 GHz. However, approximating a realistic raised-cosine
pulse (2.1) with a Gaussian pulse shape and using channel spacings smaller than
100 GHz limits the accuracy of this approach.

In all published work on RZ systems just discussed, the measure of system per-
formance was collision-induced time or frequency shift and their standard deviation,
except for [20], in which the authors used the BER, assuming that there is an error if
the timing shift exceeds a maximum tolerable time shift at the receiver. No accurate
BER calculation for RZ systems that takes into account nonlinear signal distortion

has been reported in the literature prior to our work.



4. STATISTICAL METHODS

Many of the effects that degrade the performance of communications systems are
random in nature. Nonlinear crosstalk, noise generated in the amplifiers, and ran-
domly varying birefringence are just a few. To calculate the BER due to these effects,
one must first compute the probability density functions (pdfs) of the variables that
describe the performance of the system. In the work presented here, these variables
are either the collision-induced time shift or the received current. In this chapter, we
describe statistical methods that we have used to compute the required pdfs. The
main advantage of a statistical method is that it allows one to use the full system
model, for which analytical solutions do not exist, so that one can in principle produce
an arbitrarily accurate estimate of the pdfs.

We use the following scheme in our statistical approach: We solve the propagation
equation for the system numerically and compute the time shift of a target pulse at
the end of the transmission or the value of the received current at the clock recovery
time. We run a set of Monte Carlo simulations in which we change the input bit
strings in the WDM channels that are neighbors of the target pulse, and we build a
histogram of the time shift or the current, from which we estimate the corresponding
pdf. We assume that the bit strings have a uniform distribution, ¢.e., each bit has
a probability of 1/2 of being 0 or 1. In standard Monte Carlo simulations, we draw
samples (bit strings) from a uniform distribution. However, most of the samples in
a standard Monte Carlo simulation are near the mean of the pdf, while tails remain

undersampled. In order to estimate the pdf more efficiently, we use biased Monte

o7
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Carlo sampling techniques — the standard importance sampling method (IS) and
the multicanonical Monte Carlo method (MMC). Both of these techniques have been

discussed in the literature [75], [114]-{131], and we only review the basics.
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4.1 Importance sampling

4.1.1 Biasing distribution

Suppose one has a random vector z= (21, 22, ..., 2, ) defined on a sample space 2. In
our case, the vector z is discrete, and it represents the set of bits in all the channels:

z1=0or 1, where [ = 1,...,n. We want to compute the average

P =E[f(z)] = Z f(2zi)p(z), (4.1)

where F(-) denotes the statistical average with respect to p(z), f(z) is an indicator

function that is equal to 1 if some quantity X (z) falls into a desired subspace S of
f(z) = Is [X(2)]. (4.2)

In our studies, the quantity X(z) is either the collision-induced time shift or the
received current. As was mentioned earlier, calculating (4.1) exactly is not possible
since f(z) is a complicated nonlinear function of the signal and system parameters.

We estimate (4.1) in a set of Monte Carlo simulations,

. 1 X
P = Mmzlf(zm)a (4.3)

where M is the number of Monte Carlo samples. In a standard Monte Carlo simu-
lation, one draws samples z,, from a distribution p(z). In this case, the estimator P
is just the number of hits in the subspace of interest S divided by the total number
of samples. It follows from (4.3) that E(P) = P. Typically, we are interested in
rare events, for example, large nonlinear distortions that lead to transmission errors,

and a standard Monte Carlo simulation would require us to pick a prohibitively large

number of samples to observe a small number of events in the region of interest in
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the sample space that lead to errors. In standard importance sampling (IS), we use

a modified probability distribution p*(z) to draw samples,

2 ) = | ) 2 (4.4

P=>"f(z)

The function

L(z) = 22 (4.5)

is called the likelihood ratio, and the distribution p*(z) is called the biasing distribu-

tion. Then the estimator of P, denoted If’*, with IS becomes

P =3 () Liom). (1.6)

where the samples are now drawn from the biasing distribution. Intuitively, we can
sample region of interest S in the sample space more efficiently if we choose the biasing
distribution such that p*(z) > p(z). Then the number of samples falling into S will be
larger. Another way to understand the benefit of IS is to look at the variance of the
estimates P and P* in that region. If the samples z,, are statistically independent,

the variance 0125 of P is determined by the sample variance OJ%,
0% =07/M, (4.7)

and similarly

okl =072 /M, (4.8)

where f* = fL. In the unbiased case, the sample variance is given by [116], [124]

ot = B[f*) - E[f)) = P~ P* (19)
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where we used the relation for an indicator function, f(2)? = f(z). The biased

variance is given by

p*2(zy)
= Z f(zr) L(zx)p(z1) — P2, (4.10)
Q

0_;*2 _ E*[f*Q] . E*[f*]Q _ ZfQ(Zk) p2(zk) p*(Zk) . P2

From Eqs. (4.7) and (4.9), it follows that when we look into rare events such that

P < 1, the relative variance of the estimator P is very large:
Op

P

~
~

(4.11)

3
BU.

With IS, the variance can be significantly reduced if we choose an appropriate biasing

distribution such that L(z) is small, as can be seen from Eqs. (4.9) and (4.10).

4.1.2 Multiple importance sampling and the balance

heuristic

In practice, it is hard to find a single biasing distribution that will efficiently sample
all the regions of the sample space that are needed to create a histogram of X (z) that
includes a representation of the subspace of interest S. It is necessary then to use
several biasing distributions, and the technique of using several biasing distributions
simultaneously is called multiple importance sampling. In this case, one needs an
appropriate method to combine the results from all the biasing distributions. A

typical way to do it is to weight the N, different distributions p; as follows,

P = Z P = Z Z wi(zi) f(2z1) Li(Zk)p; (2), (4.12)

i=1 z,€Q)
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where L;(z) = p(z)/p;(z). In general, the weights w(z;) are functions of z, which
enables one to efficiently combine the results from different biased samples. The
estimator for P with multiple IS is then

%

D LAY (113

N, Ny
P-3n-y

i=1 i=1
where z! is the m-th sample from the distribution p}, and M; is the total number of
samples taken from the i-th distribution.

An efficient way to assign weights to the different biasing distributions is the
balance heuristic method. The weight associated with a given sample z is determined
by the relative likelihood of realizing this sample with the i-th biasing distribution
relative to the total probability of realizing the same sample with all other biasing

distributions,
M;pj(z)

S0 Mypi(z)

The numerator in (4.14), and hence the i-th weight, is proportional to the expected

w;(z) (4.14)

number of hits from the i-th distribution. Therefore, according to (4.14), each dis-
tribution is weighted most heavily in those regions of the sample space where it is
largest.

Given an estimator P (4.13), one can show that an unbiased estimator of its

variance is given by [117]
~2 i ; ; 517
= e > [wie) [l L) - B (4.15)

One can also obtain &125 without storing all the individual samples by using the recur-

sion relation

b
Sinr
~2 J, M
7P Z M;(M; —1) (4.16)

J
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where
A ~ m—1 . . . ~ 2
Sjom = Sjm-1 + ——— |w;(zy,) f(27,) Ly (z0,) = B, m—l] (4.17)
and
po_m—lg L i Ne(ni j
jom = = Pyme1  —wj(z5,) f(20,) Ly (27,)- (4.18)

The balance heuristic method has been shown to be close to optimal as the number
of samples increases [117|. Therefore, in this work, we will use this technique of

combining results from different biasing distributions.



64
4.2 Multicanonical Monte Carlo simulations

In this work we also used another statistical method, the multicanonical Monte Carlo
(MMC) method, to compute low-probability tails of the pdfs. This method was pro-
posed by Berg and Neuhaus to simulate first-order phase transitions in statistical
physics [132] and recently has been applied to different areas of optical communica-
tions to model statistical effects of polarization mode dispersion, noise and nonlinear-
ity [75], [118]-[120], [123], [125]-[131].

Why is the MMC algorithm so attractive? Like IS, MMC increases the number
of events in the area of interest by biasing the distribution of the input random
variables. With IS, we need to guess a set of biases based on some knowledge of the
system properties. In our case, we know for example which bit strings contribute
towards large values of collision-induced time shifts. Based on that, we can find
efficient biasing distributions of the input bit strings. The major advantage of MMC
is that it does not require a prior: knowledge of these biased distributions. Instead,
the algorithm iteratively converges to a set of biases that yields a uniform expected
number of samples across the histogram.

Our goal is to compute the pdf of a quantity X (z), which in our studies is either
the received current or the time shift, as discussed in the previous section. We divide

the sample space €2 into K subspaces 2:

Q={z€Q|(k—1)AX < X(z) < kAX}, (4.19)

where AX is the size of the histogram bin, and k = 1,..., K. The function fi(z) will
be the indicator function that is equal to one when X (z) falls into the subspace (2.

As in IS, the MMC algorithm uses the biasing distribution

P= 3 i) ;“(() p*(2) (4.20)

)
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The estimate ]Sk for the probability Py in Monte Carlo simulations is then

Pr=L1% fulzm) P(2Zm) (4.21)

where the samples z,, are drawn from the biasing distribution p* and M is the total
number of samples. The optimal biasing distribution that minimizes the variance of

the estimate P is

fi(2)p(z)

b (4.22)

* —
popt -

However, (4.22) implies that Py is unknown. Hence this result is of no practical
use. While in standard IS, one attempts to use a prior: knowledge to find a biasing
distribution that is close to p;,, MMC iterates over biasing distributions p*J that
approach the optimal distribution. In the j-th iteration, the biasing distribution is

given by

b ch,g7 (4.23)

where P,f > 0, Zle P,f =1, and ¢ is an unknown normalization constant that is
chosen to satisfy the pdf normalization condition for p*/. Quantities 1/ P,z play the
role of the weights in multiple IS. The P,f are the probabilities, and they are updated
on each iteration in such a way that the expected number of hits in each bin of the
histogram is equal. After a large number of iterations, the P,g approach Py [132].
The Metropolis algorithm is employed within each iteration [133]. This algorithm
produces samples in a random walk whose limiting distribution is p* by using the
following rule: In the m-th step, one goes from z,, = z, t0 Z,41 = 2, = 2, + &’ Az,
where Az is a random vector in the sampling space with no preferred direction, and &’
is a constant that may change from iteration to iteration depending on the acceptance
ratio. The Metropolis algorithm usually performs best when the number of accepted

and rejected steps is approximately equal. So, we adjust €’ to keep the acceptance
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ratio near 1/2. Each step is accepted with the probability 7.,

Tap = min {wj(zb), 1} . (4.24)

The limiting distribution of the random walk with the transition probability (4.24) is
P [133].

Before describing the iteration procedure, it is important to note that in the
Metropolis random walk, one does not use the biased distributions p’* explicitly.

From (4.23) it follows that the transition probability is given by

(4.25)

Thus one controls the random walk using the initial unbiased pdf p(z) and the P
The limiting distribution of the random walk is p’*.

In each iteration, one records a histogram H’ of X so that in each bin k

H] = Z fi(zm) (4.26)

is the number of samples that fall into Q. One sets P} = 1/M for the first iteration.
At the end of each iteration one updates P,f by first setting Pf“ = 1. Any positive
number can be used, as the quantities P,f“ are normalized later. One uses then the

recursion relations [132]

1 ; al
Pt = B P’g“ (H’if1> (4.27)
By Hj,
where
~j gi ! HlchIch

= —r = —" 4.28
9k j gl y Gk H]i I H]i+1 ( )
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In (4.27), one sets ¢, = 0 when g/ = 0 and g, = 0 when H!+ H},, = 0. Thus one uses
statistical information from all previous iterations. Finally, one normalizes P,g“ SO
that Zszl P,f“ = 1. The combination of the Metropolis algorithm and the iterative
procedure enables the algorithm to converge to the optimal set of biases without a

priort knowledge of how to bias the distributions.



5. DETERMINISTIC METHOD FOR
CALCULATION OF THE PDF OF
COLLISION-INDUCED TIME SHIFT

In this chapter, we present a method for the calculating the pdf of the collision-induced
time shift. We first derive the equations that describe the evolution of frequency and
time shifts of a pulse in WDM RZ systems. A similar methodology is typically used
in both soliton and quasi-linear systems [12], [19]-[21], [23], [38]-[44], [108], [134].
In this work, we use the semi-analytical approach presented in [12|, which allows us
to obtain an accurate solution for the collision-induced time shift numerically. One
could also use an analytical asymptotic approach presented by Ahrens [41]. While
it provides more insight into the nature of the timing jitter and describes well the
asymptotic behavior, it is not accurate for small channel spacings and realistic pulse
shapes. We then introduce the concept of the time shift function and discuss the
shape and scaling of this function.

Next, we use the characteristic function method to derive the pdf of the collision-
induced time shift. The time shift pdf can be approximated by a Gaussian function
based on the central limit theorem. We show that the Gaussian function diverges
significantly in the tails from the true pdf. We validate our results using IS and
MMC simulations.

The pdf of the collision-induced time shift is the key component in the evaluation

of the BER in the presence of nonlinear pattern-dependent distortion.

68
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5.1 Calculation of collision-induced time shift

The starting point is the NLS equation:

Ou(z,t) N Zﬂ”(z) 0?u(z,t)

az 2 atQ - i”y\u(z, t)‘Qu(Zv t) = g(z)u(z, t), (51)

where u(z,t) is the electric field envelope, z is the physical distance, t is the retarded
time with respect to the center frequency of the signal, 5" is the local dispersion, 7 is
the Kerr coefficient, g(z) is the fiber loss and gain coefficient. While including higher-
order dispersion poses no difficulty in principal, its effect on the system under study
in this work is negligible and we set it to zero for simplicity. The signal we want to
propagate through the fiber consists of several WDM channels, well-separated from

each other in frequency,

u(z,t) = Zun(z,t) exp(—i€2,t), (5.2)

where u,(z,t) is the electric field envelope of the signal in the n-th channel and Q,
is the frequency offset of the n-th channel. By substituting (5.2) into Eq. 5.1 and
requiring all terms proportional to exp(i€),t) to vanish independently for different n,

we obtain the following equation for the signal in the n-th channel,

ou, pB" (Pu, .. Ou, ) .

[82 +z? ( BTe — 2iQ), T — Qiuy, | — guy | exp(—iQd,t) =
Z iyujupu exp [—i(8; — Qp + Q)] (5.3)
7.kl

Q=+ 4=

Modern transmission fibers typically have large values of dispersion that significantly
reduce four-wave mixing efficiency, so that the signal distortion due to the four-wave
mixing is negligibly small compared to that of the cross-phase modulation. Hence, we

only keep terms of the form |u.|?u,, which are responsible for self- and cross-phase
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modulation, and we obtain

ot

n 2
5, Tig |\ e 2y Qnun> ~ Yun

= iy <|un|2 +2) |uk|2> U, (5.4)

k#n

Next, we make the variable transformation

t = t—03"Qz, (5.5a)

u = uexp (%ﬁ”ﬂiz), (5.5b)

so that we change the time reference system to one that moves with the speed of light

in the n-th channel and remove a common constant phase factor

ou,  p"Puy, )
P i 5~ Jun =17 (!un|2 + 22 |uk\2> Up,.- (5.6)
k#n

Our goal is to compute the time shift of a pulse in the target channel n that is a
result of collisions with pulses in other frequency channels. We consider just one pulse
in the target channel, called the target pulse, and we assume that all other channels
have an arbitrary sequence of pulses. Let ay; be the information bit contained in the
[-th bit slot of the k-th channel, so that oy = 1 or 0 depending on whether a mark
or a space is transmitted. Then the field envelope in the k-th channel may be written

as

U = Zaklukla (57)
l

where uy, is the field envelope of the pulse located in the [-th bit slot of the k-th chan-

nel. We are making an assumption that pulses in one channel are well-separated in
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time during the propagation so that for each channel k£ we can use the approximation,

ug]* =

2
A aglupl’. (5.8)
l

E AUk
l

Originally, this assumption was used in the theory of collision-induced timing jitter
for solitons and was well justified because in soliton communications systems, pulses
in one channel do not overlap. In modern quasi-linear RZ systems, a pulse overlaps
with many of its neighbors due to a large dispersive spread. However, the approx-
imation (5.8) is still reasonable because the peak power of a pulse reduces when it
disperses thus reducing the nonlinear interactions. This approximation has proven
to yield an accurate calculation of collision-induced timing jitter [12| and the pdf of
the time shift [23]|. Using (5.8), we obtain the following propagation equation for the

target pulse, which we will denote as u,

our " %uy , ( ) )
+i— —guyr =iy | |Jug|*+2 g agr|ug|* | ur. (5.9)
2
0z 2 0t o

We define the central time and frequency of the target pulse as

1 o0

T. = E/_Oot]uTPdt, (5.10a)
1 [ ou’

0, — E/_@m( atTuT> dt, (5.10b)

where £ = [ |uy|?dt. Using these definitions and (5.9), we obtain the following

dynamic equations for the central time and frequency,

dT.
dz

dS. v [ 5 0 9
= —= — 2> : .
dz E/_Oot|uT| 815 < . Oékllukl| >dt (5 11b)

= B'Q, (5.11a)
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Then the collision-induced time shift Ti, after a propagation distance L can be

represented as

Thotal = Zalekh (5.12)
kol
where
L
T = /ka(Z)ﬁﬂ(Z)dZ (5.13a)
0
2 2y o0 o Olug(z,t)]?
Olz) = — ()2 LD G 0 1
we) = = | g [ P S dae (13)

When the higher-order dispersion is zero, the pulse shape in all the channels is

identical so that

0

ukl(z, t) = Urp (Z, t— /Z QWAfkﬁ//(l')dl' + Tbitl) , (514)

where Afy is the frequency spacing between the k-th and the target channel, Ty is
the bit period, and [ = 0 corresponds to the bit slot of the target pulse. From a
practical standpoint, this approximation enables us to reduce the total computation
time by computing the pulse shape once for the target pulse and then using it for all
other channels.

The quantities §2;; and 73, are the frequency and time shifts of the target pulse due
to its collision with a single pulse located in the [-th bit slot of the k-th channel. As
a result of using approximation (5.8), the time shift of a target pulse that occurs due
to its interaction with an arbitrary pulse pattern in all the neighboring channels can
be represented as a superposition of pairwise collisions. Thus the set of time shifts
due to individual pairwise collisions 73; can be used to determine the time shift of a
target pulse for an arbitrary sequence of pulses through Eq. 5.12.

This assumption vastly reduces the computer time that is required to calculate the

distribution of time shifts and the impairments induced in WDM RZ systems [12], [23].
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It also leads to important insights into the origin of timing jitter and to the develop-
ment of ways to reduce it [40]|, [44], [134], [135]. We call 7y, the time shift function,

and in the next section, we will discuss its properties and asymptotic behavior.
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5.2 Time shift function

In this section, we calculate and analyze the time shift function for collisions between
pairs of pulses in different channels in a prototypical WDM RZ system with dispersion
management and pre- and post-compensation. Once the time shift function is known,
the impairments due to collision-induced timing jitter can be rapidly determined. We
characterize the shape of this function and determine how it scales with the initial
pulse separation in time and channel separation in wavelength. At the end of the
section, we apply it to the calculation of the worst-case time shift. Determining these
worst-case time shifts is important because the time shift distribution is approximately

Gaussian up to about 1/2 of these times [23].

5.2.1 Shape of the time shift function

We write the time shift function (5.13a) as 7(Af,[), where [ is the initial offset of a
bit slot in a pump channel that is separated by Af from the probe channel.

In Fig. 5.1, we plot the time shift function using (5.13a) for the two pump channels
with Af = £100 GHz. We first note that 7(Af,l) = —7(—Af, —1). This symmetry
is exact if there is no higher-order dispersion, as has been reported previously for
soliton systems [134]. We also observe that as [ increases from —oo in the pump
channel with Af = —100 GHz, the time shift starts from zero, becomes positive,
then changes sign in the neighborhood of [ = —8, becoming negative, after which it
becomes positive again, and finally decays to zero. We have observed this behavior
in a variety of systems, and it has been shown to be generic [41]. We now explain its
physical origin.

In long-haul systems with dispersion management, two pulses in different WDM
channels move rapidly back and forth with respect to each other, resulting in multiple

collisions, each of which we refer to as a micro-collision. If, as is typically the case,
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the average map dispersion is non-zero, two pulses gradually pass through each other
while experiencing multiple micro-collisions. We refer to this process as a macro-
collision. Consider now the collision dynamics of the target pulse with pulses in the
pump channel with Af = —100 GHz. Figure 5.2(a) shows the central times for the
pulses with [ = 1, 11, and —11. The evolution of the frequency and time shifts of
the target pulses due to collisions with these three pulses is shown in Figs. 5.2(b) and
5.2(c). The pulse with | = 1 undergoes a complete macro-collision, while the pulses
with [ = —11 and 11 undergo incomplete macro-collisions that occur at the beginning
and the end of the system respectively.

First, we consider a complete macro-collision, as in the case [ = 1. In its ini-
tial phase, the two interacting pulses undergo incomplete micro-collisions. Since the
central time of the pump pulse relative to the target pulse is positive, by Eq. 5.13b
the frequency shift after each incomplete micro-collision decreases. In the second
phase of the macro-collision, the pulses undergo complete micro-collisions with no
significant change in the frequency shift. Finally, the pulses undergo incomplete
micro-collisions again, but now the frequency shift increases, and is nearly zero when
the macro-collision is over. Since the frequency shift is negative during most of the
macro-collision and since the dispersion accumulated during the macro-collision is

negative, the resulting time shift is negative by Eq. 5.13a. We note that the pre-

Time shift (ps)

N

-0 0 10 20
Initial bit position relative to the target pulse

-20

Fig. 5.1: Time shift function for two pump channels.
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and post-compensation fibers have almost no effect on the time shift in a complete
macro-collision.

We next consider an incomplete macro-collision at the end of the system, as in
the case [ = 11. The frequency shift is negative because the pulses only interact
during the initial phase of a macro-collision. The dispersion accumulated during the
macro-collision, including the post-compensation, is positive. Hence, the time shift
is positive. Finally, for an incomplete macro-collision at the start of the system, as
in the case [ = —11, the frequency shift is positive because the pulses only interact
during the final phase of a complete macro-collision. After pulses have separated, the

frequency shift is constant and positive. Since the dispersion accumulated from the
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Fig. 5.3: The scaled time shift function.

end of the collision to the end of the system is negative, the resulting timing shift is
positive.

We found that the details of the dispersion map and transmission distance do not
qualitatively affect the shape of 7(Af,[) as long as the average map dispersion is
large enough so that the length of a macro-collision is shorter than the system length,
which is usually the case in realistic RZ systems. When the system length is larger
then the collision length, we still can observe a similar behavior. However, in this
case, the details of the map can significantly affect the shape of 7(Af,1) [39]. We
emphasize that a large average dispersion reduces the impact of nonlinearity, so that

the parameter regime considered here is more important in practice.

5.2.2 Scaling of the time shift function

We now discuss how the time shift function scales. An asymptotic analysis [39], [113]
predicts T(Af, 1) = a®>7(aAf, al), where a is a scaling parameter. In Fig. 5.3, we show
T(Af, 1) for channel spacings in the range Af = 50 GHz — 400 GHz. We have scaled
7 by (Af)? and [ by (Af)~'. The scaling relation holds approximately, but there are
significant deviations. From a physical standpoint, the scaling with the offset [ occurs

because the velocity difference between a pulse in a pump channel and the target pulse
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is proportional to Af. In the scaling for 7, the time shift is mainly determined by
the accumulation of residual frequency shifts due to incomplete micro-collisions, as
seen in Fig. 5.2, while the residual time shift is small. The frequency shift due to
each micro-collision is determined by the maximum overlap of pulses (5.13b), which
is independent of Af, and the interaction length, which is proportional to (Af)~L.
Hence the frequency shift due to each micro-collision scales as (Af)~!. Since the
number of incomplete micro-collisions is proportional to (Af)™!, the total time shift
scales as (Af)~2. For this scaling to hold, the number of incomplete micro-collisions
in each macro-collision should be large, and the maximum separation of the two pulses
in each micro-collision should be large compared to the pulse durations. When A f
is large, the first condition is violated, and oscillations are visible when Af = 400
GHz. When Af is small, the second condition is violated, blurring the distinction
between complete and incomplete macro-collisions, so that the transition between the
two occurs more gradually, as seen when Af = 50 GHz.

Given 7(Af, 1), we determine the worst-case time shift from Eq. 5.12 by setting
ag, = 1 when 7(Afy,l) = 7 > 0 and o = 0 when 7(Af,l) < 0 or vice versa.
From the relation 7(Af,l) = —7(—Af, —1), we find that the worst case corresponds
to an opposite choice of 1’s and 0’s in channels with A f, just as Xu, et al. [134],
discovered in the case of solitons. From the scaling relation 7(Af,1) = a*r(aAf, al),
we would also conclude with Xu, et al. [134] that the maximum time shift increases
logarithmically with the number of channels, as seen in Fig. 5.4, where we have fit a
logarithmic function of the form a+blog N. This scaling relation breaks down when all
micro-collisions are complete, which corresponds to N > 16 for the system we studied.
However, the residual time shift due to micro-collisions still scales as (Af)~2, since
the frequency excursion is proportional to (Af)~! and so is the length of the micro-
collision. Hence, as seen in Fig. 5.4, the maximum time shift continues to increase

logarithmically beyond N = 16. However, the scaling of the time shift function only
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holds approximately, and in practice it is better and still computationally rapid to
use the exact time shift function when calculating the distribution function for the

timing jitter and its cutoff.
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5.3 Probability density function of the time shift

In this section, we calculate the probability density function of the collision-induced
time shift using both a Gaussian approximation and the exact theory. Different
frequency channels can be synchronized, meaning that the bit slots of all the channels
are aligned at the input so that the delay between the signals in different channels is
fixed. We will refer to this situation as the synchronous channels case. Alternatively,
the clock in each channel can drift randomly with time so that the delay between the
signals of different channels is random. We call this case the asynchronous channels
case. The treatment of the synchronous case depends on the exact relative position
of the clock in different channels. We will consider the case in which the bit slots
in all the channels are aligned at ¢ = 0. If they are aligned differently, it can be
taken into account by introducing a translation of the time shift function. In the
asynchronous case, we treat the drift of the channel clock position as an independent

random process.

5.3.1 Synchronous channels

We assume that the transmitted data is random so that the «y; are independent,
identically-distributed random variables, each having probability 1/2 of being 1 or 0.
Thus the total shift of the target pulse T}t is a random variable, which is a linear
combination of independent binary random variables. The number of terms in the
sum (5.12) is finite due to the finite number of pulses with which the target pulse
collides. On the other hand, the number of collisions is large so that based on the
central limit theorem, it is reasonable to assume that 7., is Gaussian-distributed. In
this case, it is sufficient to know its mean p; and variance a?r. In the absence of higher-
order dispersion, the collision process is antisymmetric with respect to frequency and

time inversion, as discussed in Ref. [136] and in Section 5.2, so that 7 = —7_j _; and
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hence

Pr = Zﬂcz:o, (5.15a)

r = ota1> Z Tkl (5.15b)

The pdf of Tyt in the Gaussian approximation is then given by

(1) = ——exp (= (5.16)
auss — eX . .
pT,G 27_(_0_’1% p 271_0_%

Alternatively, the pdf of Ti.. can be computed using the characteristic func-

tion [23] w(&), which is given by

w(§) = (exp (i€Tiotal)) = <6Xp (%Z%ﬂm) > )

where () denotes the statistical average so that for a set of discrete random variables
X1, ..., Tp, with a joint probability mass function p(xy,...,z,), and for an arbitrary

function F(z1, ..., z,),

(F(ry, ) = Y p@r, oo 2k,) Flar, oo 2k,).

Since the random variables ay; are independent and the probability that oy equals

either 1 or 0 is 1/2, we find

w(©) =TT {5 1+ exp ema}.

k.l

The pdf of the time shift is simply the inverse Fourier transform of the characteristic

function,

pT,Char<t> = i /Oo w (5) eﬂftdﬁ. (517)

2m J_
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5.3.2 Asynchronous channels

In order to account for random drift of the clock position in each channel, we introduce

a variable time delay t; in Eq. (5.14):

ukl(z,t) = Urp <Z,t — / QWAfkﬁﬁ(fL')de' + Tbitl + tk) .
0

Using the same formalism, we write the characteristic function

w(§) = (exp (i€Tiotal)) = <€Xp (%Z%ﬂkl(%)) > :
ol

where 7;(tx) can be viewed as a random variable, which is independent of the ayy,
assuming independence of the channel clock drift and the data distribution. The

average is taken over over the ensemble of both ay; and ¢;. We then find

w(©) =TT (5 1+ e ignu))] )

k.l

where the average is taken over the sample space of t;. To calculate the characteristic
function, it is necessary to know the pdf of the time delays ¢,. For simplicity, we

assume that t; are uniformly distributed on [0, Ty, so that

w(©) =] Ti. / % [1+ exp (i€ (b)) dt. (5.18)
kil it JO

The pdf of the time shift is obtained from the characteristic function (5.18) using the

inverse Fourier transform (5.17).
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5.4 Validation

We used the standard IS method to validate the deterministic method for calculating
the pdf of collision-induced time shift. We also used the MMC method to verify that
the results from IS simulations are correct.

In order to use IS, we have to choose the biasing distributions, as discussed earlier
in Chapter 4. In this case, we are interested in the pdf of the collision-induced time
shift, and we bias the distributions towards large values of the time shift, using our
knowledge of the time shift function (5.13a).

Suppose, we have a set of random variables x,, with the distribution,
1—pm

s P = —om) = —5— (5.19)

_1+pm
2

p(xm = Um)

We want to bias the distributions of x,, in such a way that the sum z = Zm ,, has
a mean near a desired value zy. For the sake of simplicity, let us assume that z is

approximately Gaussian random variable with the mean zy and standard deviation

S

p(z) = N [—%} (5.20)

We then use Bayes rule,

plam | ) = 2 (5.21)

so that

P(Tm =0m | 2) = (5.22)



84

where

1 M] (5.23)

9= 27(S — 02,) P {_2(5 —on)l

Then the expected value of x,, is given by

E(xy) = o0mp(@m =om | 2) — omp(@m = —04m | 2) = 0, tanh (Sam22 ) . (5.24)

On the other hand, from Eq. (5.19) we have

E(zy) =on 5 " Om 5 = OmPm (5.25)
From Egs. (5.24) and (5.25) it follows that
OmZ
m = tanh . 5.26
o= tann (7207 ) 520

Now we transform the set of variables z,, to the set ay; 7y using the mapping

B = 20y —1,
1
Ty = §5kl7'kz- (5.27)

The probability mass function for az; becomes

1+
p(akl _ 1) _ 2pkl7
1—
play =0) = 2pkl, (5.28)
where
1
_Tlegoal
pr1 = tanh 2 (5.29)
(i Dot T~ Tl?l)

and Ty, is the target value of the mean of the total time shift.

Despite the use of approximation (5.20) that the total time shift is Gaussian-
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distributed, our simulations show that the choice of biases (5.29) is efficient for both

estimating the pdfs of both collision-induced time shift and the received current.
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Fig. 5.5: Probability density function of the collision-induced time shift.

Figure 5.5 shows the pdf of the time shift obtained using the characteristic function
method (5.17), the Gaussian approximation (5.16) and IS simulations. In the IS
simulations we used the values of Ty, in (5.29) from —50 ps to 50 ps with a 5 ps
interval. We calculated the error of the pdf estimate from IS using (4.15) and it
did not exceed 10% for all values of the time shift. We have also verified that the
results of IS simulations agree with those of MMC simulations. The results of the
reduced deterministic method that employs characteristic function formalism are in
excellent agreement with the full statistical model, in which we did not make any
simplifications to the propagation equations. This result suggests the validity of the

simplifying assumption that the pulse collisions are additive. By contrast, under the
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same assumptions, the Gaussian approximation to the pdf results in a poor fit of the
true pdf. The Gaussian function closely matches the Monte Carlo histogram only
near the top of the pdf, which is consistent with the central limit theorem. However,
since the number of pulse collisions during the propagation is finite, there exists a
worst-case time shift so that time shifts that are larger than this maximum time shift
have zero probability. As a result, the Gaussian curve deviates significantly from the
true distribution in the tails of the pdf.

We note that even if the number of pulse collisions were infinite or significantly
larger in the presence of the hundreds of channels, the results of the Gaussian ap-
proximation would still be inaccurate in the tails since one of the conditions of the
central limit theorem does not hold. In particular, for a normalized sum

L&
Zy=—> Xy (5.30)

S
" k=1

of independent random variables X}, with zero mean and and variance o7 and

= on (5.31)
k=1

to converge to the standard normal pdf, it is required that for a given € > 0 there
exists an n such that [137]

o < €Sp, k=1,...,n. (5.32)

In our case, the time shifts 74; given by (5.13a) are proportional to the square of
the wavelength separation, or, equivalently, to the channel index £ if the channel
count starts from the target channel. Hence the variance for each individual random
variable a7y is proportional to k*. Since the number of bits in a given channel
that collide with the target pulse is proportional to k due to the dispersive walkoff,

the total variance for n channels is proportional to Y ,_, 1/k* which is limited by
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a constant for any number of channels n. Thus condition (5.32) of the central limit
theorem does not hold and the limiting distribution of the time shift is not necessarily

Gaussian.



6. CALCULATION OF THE PULSE
AMPLITUDE DISTORTION AND THE
BIT ERROR RATIO

In this chapter, we use the deterministic method for calculating the pdf of the collision-
induced time shift to obtain the pdf of the received current, and we validate the result
with a full statistical model based on IS simulations. When we have a single pulse
in the target channel, the agreement between the reduced deterministic method and
the full statistical method is excellent. With multiple pulses in the target channel, it
is also important to account for the amplitude jitter due to inter- and intra-channel
interactions. We introduce a method for calculating the pdf of the nonlinearly-induced
current variation that is not due to the timing jitter. Accounting for both timing and
amplitude jitter, we can achieve a very good agreement with the IS simulations. In
order to calculate the BER, we combine these deterministic techniques for calculating
the nonlinear penalty with a model for noise-induced signal distortion that assumes
that the noise is additive, white, and Gaussian. We calculate the pdfs of the current in

the marks and spaces and from that determine the BER using an approach described

88



by Forestieri [138].
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6.1 Probabilistic characterization of the

nonlinearly-induced pulse distortion

6.1.1 Application of the reduced time shift method

In order to calculate the distortion of the received current signal that is due to timing
jitter, we use a simplified method, in which we calculate the pulse shape i(t) at
the receiver using a full propagation model and a receiver model that includes an
optical filter, an ideal square-law photodetector, and an electrical filter as described
in Chapter 2. We then use this pulse shape to determine the value of the sampled

current I given a time shift AT by using the expression
I(AT) = i(Ty — AT), (6.1)

where Ty is the central time of the pulse, as illustrated in Fig. 6.1. We then obtain

received current i(?) AT shifted pulse

P\ HAT) =i(1-AT)
A ran NN .

Fig. 6.1: Conversion of time shift to the current distortion.

1
the pdf of the current using the cumulative distribution function of the time shift
Far(t) = ffoop(T)dT, where p(7) is the pdf of the time shift,
Fr(z) =Prli(t) < z] = Pr(AT < Ty UAT > Ty) = Far(Th) + 1 — Far(Ty), (6.2)
where T} < T, are the solutions of the equation

i(t—Ty) = x. (6.3)
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The pdf of the received current py(z) is then given by

pr(z) = dF(z)/dz. (6.4)

We also ran a set of IS simulations, in which we numerically solved the NLS
equation with different bit strings. We kept only one pulse in the center channel and
randomly varied the bit strings in the neighboring channels. To sample the tails of the
distribution efficiently, we biased the distribution of the bit strings towards the large
time shifts using (5.29). We have verified that MMC simulations are consistent the
IS results, which lends credence to both simulations. In particular, it indicates that
we have not left out a region in the sample space that would affect the distribution.
Biasing towards large time shifts has proven to be very efficient in calculating the pdf
of the received current since the dominant nonlinear effect in our prototypical undersea
system is collision-induced timing jitter. An advantage of IS relative to MMC for our
problem is that different biasing distributions can be used independently of each
other. By contrast, the MMC algorithm is iterative. Also, in contrast to MMC, we
use the same set of IS simulations to calculate the pdf of both the time shift and the
received current.

The results of the pdf calculation using (6.4) and IS are shown in Fig. 6.2. Sta-
tistically, we obtained the pdf of the current using the same IS simulations that we
used to obtain the pdf of the time shift as described in Sec. 5.4. We estimated the
statistical error of the pdf obtained with IS using (4.15) and it was less than 10%
for all values of the current shown in the plot. The agreement between the reduced
deterministic approach and the full statistical model is excellent near the low-current
tail of the pdf. The two methods disagree near the maximum of the pdf since we
did not take into account nonlinearly-induced amplitude jitter in our reduced model.

It is necessary to consider the amplitude jitter to obtain the agreement when the
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Fig. 6.2: Probability density function of the current in the marks due to the nonlin-
ear distortion with a single pulse in the target channel.

normalized current is close to 1.0, since with timing jitter can only decrease the pulse

amplitude, leading to a sharp cutoff at 1.0 as seen in Fig. 6.2. In practice, this dif-

ference is unimportant since transmission errors are caused by the low-current end of

the pdf.

By contrast to the case of a single pulse in the target channel, which we just

considered, the nonlinearly-induced amplitude jitter becomes important in the low-

current tail of the pdf when we consider multiple pulses in the target channel.

6.1.2 Multipulse interactions and the nonlinearly-induced

amplitude jitter

Up to this point, we treated pulses of the same frequency channel as if they do not

overlap. In reality, in the system under study, each pulse overlaps with a maximum of
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four of its neighbors due to dispersive spreading. This intra-channel pulse interaction
combined with inter-channel nonlinear crosstalk leads to an increase in the amplitude
jitter that must be accounted for in the target channel, in addition to the timing
jitter, in order to obtain accurate results. Hence we treat the electric field in the
target channel as a sum of the electric fields of individual pulses rather than simply
adding powers as we did previously (5.8), so that

[uol* =

2
ZO«)onz # Za01|uoz|2- (6.5)
z l

In the other channels, we continue to neglect pulse overlap. Since in our system only
five pulses in the same channel overlap due to dispersion, we consider a pseudo-random
bit sequence (PRBS) of length 2° = 32 bits in the target channel that contains all
patterns of five bits. We then treat this PRBS as a superpulse and consider a two-
body collision of this superpulse with a single pulse in a neighboring channel.

To determine the effect of the collision of the pulse in the [-th bit of the k-th
channel with the superpulse, we numerically solve the NLS equation, for which the
input is the superpulse in the target channel and a single pulse in the [-th bit of the
k-th channel. We then calculate the received current Iy, () in the target channel after
the electrical filter. We repeat this numerical procedure for all £ and [.

In the next step, we remove the time shift that we accounted for previously us-
ing (5.13a) as we are only calculating the amplitude distortion at this point. Since
pulses at the receiver are well-separated, and the time shifts 7;; are small, we can
easily remove the time shifts by translating individual pulses by a corresponding time
determined by the pre-calculated time shift function 75 (5.13a).

Finally, we determine the received current distortion due to the two-body collisions
relative to the unperturbed solution. As an unperturbed solution, we calculate the

value of the current I7(t) of a single target channel with the same PRBS of length 32 in
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it, in the absence of the neighboring channels. We then obtain the current distortion

01y, using the expression

61 (t) = In(t) — Ip(t). (6.6)

We assume that for an arbitrary bit pattern, the total distortion 0(¢) can be
represented as a sum of the individual contributions 61, from pairwise interactions,

so that

OI(t) = adIu(t), (6.7)

where o = 1 or 0.
In order to obtain the pdf of the amplitude deviation d1(t), we apply the charac-

teristic function method, as we did for the timing jitter
v(€,t) = (exp [i€0I(1)]) = <exp (zg > akléfkl(t)) > : (6.8)
k,l

where (-) denotes the statistical average taken over the ensemble of all bit patterns.
Using the independence of random variables ay; an assumption that the probability

of ay; being equal to either 1 or 0 is 1/2, we obtain

v =] % {1+ exp i€ Tu(t)]} . (6.9)

k.l

Then the pdf of current is simply the inverse Fourier transform of the characteristic

function,

ps1(1,t) = S /00 v (€ t) e de. (6.10)

2 J_

In order to obtain the distribution of the current due to nonlinear distortion, we
first average the pdf (6.4) of the current at the center of the pulse over all bits. Then
we convolve the distribution (6.4) due to collision-induced timing jitter and (6.10)

due to the amplitude distortion assuming that the two processes are independent.
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The resulting pdf is shown in Fig. 6.3 in comparison with the pdf obtained using
IS simulations and the pdf when there is a single pulse in the target channel, as we

assumed in Sec. 6.1.1.
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Fig. 6.3: Probability density function of the current in the marks at the detection
point in the receiver due to the nonlinear distortion with multiple pulses
(MP) in the target channel compared to a single pulse in the target channel

(SP).

First, we immediately notice the difference that multipulse interactions make in
the low-current tail of the pdf. A deterministic model of the pdf of the current at the
decision point of the receiver that only includes timing jitter alone agrees well with
IS simulations when there is only a single pulse in the target channel. However, the
agreement is no longer good when there are multiple pulses in the target channel.
It is necessary to include nonlinearly-induced amplitude jitter in the deterministic
model, and we then see a good agreement between our deterministic model and IS

simulation. The discrepancy in the pdf is less than an order of magnitude over the



entire range of interest.
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6.2 Bit error ratio calculations

In this section, we show how to use the deterministic theory that we developed for the
evaluation of the nonlinear penalty to calculate the BER in the presence of amplified
spontaneous emission (ASE) noise from optical amplifiers. We will use the assumption
that the nonlinear penalty is statistically independent of the ASE noise since it greatly
simplifies the analysis. In principle, these two processes are not independent, as one
may envision that the noise affects the signals, and that in turn affects the way the
signals interact with each other. However, as the noise is a zero-mean process, the
effect of noise will result in either reduction or increase of the optical power of a pulse
and, consequently, of the nonlinear interference that this pulse generates. Averaging
over a large statistical ensemble tends to extinguish the correlation between the noise
and the nonlinear penalty.

There is a number of different ways to characterize the performance of a system
in the presence of the ASE noise that can be found in the literature [102], [103], [119],
[120], [131], [138]-{149]. The most common model is the additive white Gaussian noise
(AWGN) model, in which the noise is assumed to be completely independent of the
signal and one can simply add up the noise contributions from all the inline amplifiers
at the end of transmission prior to the optical filter. Since the optical receiver includes
a square-low photodetector, the distribution of the signal after the photodetector is
no longer Gaussian, which is well known in radio communications [150]. For optical
communications, it was shown by Marcuse [139] and Humblet and Azizoglu [140] for
an idealized receiver model with a flat-top optical filter and an integrate-and-dump
electrical filter. Lee and Shim [141] extended their results to the case with arbi-
trary optical and electrical filters. Forestieri [138| further generalized the results for
arbitrary signals and introduced a computationally-efficient method for the BER cal-
culations. Despite the availability of an accurate model, the Gaussian approximation

of the pdf of the photodetected signal is still widely used due to its simplicity and



98

straightforward relation to the experimentally measurable @-factor.

In real systems, the noise experiences parametric gain while propagating with
the signal. Hence, one cannot simply add the noise to the signal prior to the re-
ceiver and the AGWN model is in general not accurate. For the cases, in which
the effect of parametric noise amplification is important, there are a several meth-
ods available in the literature [102], [103], [119], [120], [131], [143], [144], [146]-[148].
Hui [143], [144] introduced a method based on the continuous wave approximation of
the signal, which allows to estimate the power spectral density of the noise due to its
interaction with the signal. Holzlohner, et al. [148] introduced a covariance matrix
method, which is based on a calculation of the linearized evolution of noise around the
signal. After separation of timing and phase jitter, the optical noise is multivariate
Gaussian-distributed and hence completely described by its covariance matrix. This
method can be used for any intensity-modulated signal. Further, Secondini [102], [103]
showed how to calculate the pdf of the noise-corrupted signal in the presence of the
parametric noise amplification without phase and timing jitter separation by using
a combined additive and multiplicative perturbation method. These methods enable
one to accurately calculate the pdf of the received current in the presence of noise.
To calculated the BER, we will use the noise pdf in combination with the pdf of the
nonlinearly-induced current distribution. Our method for combining the nonlinearly-
and noise-induced distortion does not depend on the noise pdf. Therefore, for the
sake of simplicity, we will use the AWGN assumption and calculate the noise pdf
using Forestieri’s technique [138]. We note that this assumption is widely used and

often yields accurate results.

6.2.1 Additive white Gaussian noise model

We will expand the optical field that consists of the information signal and the noise

in a Fourier basis. We then pass the field through the optical filter with a frequency
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response H,(f), an ideal square-law photodetector, and an electrical filter with a
response H.(f). Finally, we will evaluate the pdf of the current and BER at the
sampling time %j.

We assume that each inline amplifier generates white Gaussian noise and it does
not mix nonlinearly with the signal, so that at the end of the transmission the noise
w(t) is Gaussian-distributed and white with a power spectral density that we denote
as No. Let x(t) be the complex field envelope of the optical noise-free signal, which
is periodic with a period of NT', where N is the number of bits in the sequence,
and T’ is the bit period. Note that in computer modeling, we always consider time-
limited signals, and due to the nature of the fast Fourier transform being used in the
numerical calculations, the signal is periodic with a period of NT. Then the signal

x(t) can be expanded in a Fourier series as

2(t) = Y wexp(—i2alt/NT), (6.11)
l=—00
where
1 NT
T = W/t:o x(t) exp(i2nlt/NT) dt. (6.12)

For the noise we also use the Fourier expansion in the interval ¢, — Ty <t < ¢y,

where T} is the time constant related to the response time of the filters:

1 1
Tf = U (g + g) s (613)

where B, and B, are bandwidths of the optical and electrical filters and p is a numer-
ical parameter that is large enough so that the interval (0, 7) includes the significant
details of the impulse response functions of both the optical and electrical filters. In

practice, the value of p is found by increasing it until the computed value of the BER
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stabilizes. The noise can then be represented by a Karhunen-Loéve expansion as [104]

w(t) = Y wmexpl—i2rm(t —ty — Tp) /Tyt — Ty <t <ty, (6.14)
where the w,, are independent complex Gaussian random variables with zero mean
and whose real and imaginary parts have a variance o = Ny/2T}.

We are interested in the value of the received current y(tx) at a sampling time
t) after passing the signal and noise x(t) + w(t) through the optical filter, the ideal
square-law optical photodetector, and the electrical filter. As shown in [138], using

expansions (6.11) and (6.14), one can obtain:
y(tr) = di + 75, (6.15)

where
2L l
dy = ZX_;L o H, (W) exp(—i2nlty/NT) (6.16)

is the signal term. We also have L = nNT'B,, where 1 is a small number that is
chosen to keep all the important frequency components of the signal. The parameter

¢; is the autocorrelation of the signal’s Fourier coefficients,

[ k—1
c = Z leo (W) I‘Zle: (W) . (617)
,1=L)

The noise term 7, in (6.15) is given by

Te = Nk + Vg (618)
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where ny and v are given by

2M+1 2

3 b,

ng = 2 )\m Zm T E y (619&)
b2

- |AWJ | (6.19b)

with M = B,Ty. The ), are the eigenvalues of the matrix A = H?*QH. The matrix

H = diag {'H <m_Tj\j_1) '} , (6.20)

and the elements ¢,,, of Q are

H is defined as

n—m
mn:He . 21
i = 1. (") (6.21)

The quantities z,, in (6.15) are independent complex Gaussian random variables with
zero mean and real and imaginary parts of variance 6 = Ny/2T}. Finally, the b, are

the components of the signal vector b defined as
b = UT*H*y, (6.22)

where U is a unitary matrix that diagonalizes the matrix A and the components of

the vector v are given by

L
Uy = Z x H,(1)H,

l=—L

(l m—M—1

— —12 NT). .
NT T, > exp(—i2nlty/NT) (6.23)

Now we evaluate the pdf of the received current y(¢x). The only component of the
current y(x) that is not deterministic is vy in (6.19b), which is a quadratic combina-
tion of independent Gaussian random variables, so that we can use the characteristic

function ®,, (£) to efficiently calculate its pdf. The characteristic function ®,, (£) is
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defined as

Py, (€) = (exp (i&n)) , (6.24)

where the average (-) is taken over the sample space of the noise. Using the indepen-

dence of the real and imaginary parts of the random variables z,,, one obtains

2M+1 €XP (%)
2n©= 1] —35 7 (6.25)
m=1 m
where
B = 2An0”. (6.26D)

The pdf p,, (¢) of ni; can be obtained by taking the inverse Fourier transform of
B, (€),
1 = —i€¢
Pni (€) D, (§)e " CdE. (6.27)

=5 .

In numerical calculations, one can use the fast Fourier transform (FFT) algorithm
to evaluate (6.27), which works well in a large dynamic range limited by the round-
off error of the FFT. The use of the FFT is sufficient for calculation of the error
probabilities as low as 107, If the desired BER range is smaller than 107, one
can calculate the pdf very efficiently using the saddle point approximation, described
in detail in [138]. In this case, it is more convenient to use the moment generating
function that is given by

My, (s) = (exp (sn)) (6.28)
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instead of the characteristic function. Similarly to (6.25), we obtain

oo ()
M, (s)= ] e (6.29)

m=1

The pdf p,, (¢) of ny is then obtained by taking the inverse Laplace transform of
My, (s),
] [uotico
Py (C) = i /uo_ioo M, (s)e **ds. (6.30)
Since a line integral of an analytical function does not depend on the integration path,
we can choose the integration contour C' to closely approximate the path of steepest
descent passing through the saddle point ug of the integrand on the real s-axis. Then

the main contribution to the integral (6.30) is near the us. The saddle point u; is

determined from the equation

d —58
= M, (s)e™* =0, (6.31)
which yields
2M+1
m m 1— m
y Ol = Bns) _ (6.32)
m=1 (1 o ﬁm8)2

The solution for (6.32) can be found numerically using the Newton’s method. The

path of steepest descent near u, can be approximated by a parabola,

I :
s:us%—ém} +iv, s=u-+iv. (6.33)

The curvature  of the parabola is given by [138|

\I]l/l (U/s)
307 (u,)’

(6.34)

KR =
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where

U(s) = In[M,,(s)] — sC, (6.35)

and U”(s) and U"”(s) are the second and third derivatives of W(s). The pdf can then

be evaluated as [138]

P, (Q) = %/m Re {exp [\1: <u + %mﬂ + w)} (1— m)} dv. (6.36)

[e.9]

The pdf (6.36) can then be calculated numerically using the trapezoidal rule and
by dividing the integration interval into two intervals (—oo,0] and [0,00). The in-
tegration starts from v = 0 and stops when the contributions to the sum become

negligible.

6.2.2 Combining noise and nonlinear effects

As we discussed earlier, we assume that the nonlinearly-induced and noise-induced
signal distortions are statistically independent when computing the BER. In addition,
we treat the contributions of timing jitter and amplitude jitter to nonlinearly-induced
signal distortion as independent. These three impairments are characterized by the
pdfs that we obtained previously. The pdf of the collision-induced time shift pr(t)
is given by (5.17), the pdf of the nonlinearly-induced amplitude distortion ps;(1,t) is

given by (6.10) and the pdf of the noise-induced distortion is obtained from (6.27),
pnoise<I> = pnk (I - dk - Vk)- (637)

In order to compute the pdf p(1,t) of the received current I at the sampling time
t due to both nonlinear signal distortion and noise, we convolve the pdf pr of the
time shift, using either (5.17) or the Gaussian pdf given by (5.16) with the noise pdf

Pnoise(I, 1) of the received current that is obtained by propagating a single-channel
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signal carrying a PRBS of length 32 through the system and with the amplitude

jitter distribution (6.10):

DI, 1) = /: { /OO Prose(Cot — T ()| pr(I — C.0dC. (6.38)

=—0Q
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Fig. 6.4: Probability density function of the current in the marks and spaces at
the decision time due to the nonlinear distortion and noise obtained us-
ing (6.38).

We show the results of our calculations in Figure 6.4. The dot-dashed curves show
the pdf of the current in the marks and spaces due only to noise. The collision-induced
timing jitter increases the BER by over three orders of magnitude. The corresponding
pdfs are shown with the dashed curves. Finally, the nonlinearly-induced amplitude
jitter degrades the BER by more than one order of magnitude and the total pdfs are
displayed with the solid curves. Since the nonlinear interactions can degrade the BER
by many orders of magnitude, it is important to model them accurately. Furthermore,

even though the collision-induced timing jitter is the dominant nonlinear effect in
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WDM RZ systems, it is necessary to consider the inter-channel, nonlinearly-induced
amplitude distortion as it leads to a further performance degradation.

Finally, we analyze the accuracy of the Gaussian assumption for the collision-
induced time shift pdf. In Fig. 6.5, we plot the BER and @ as a function of channel
separation, which was calculated with (6.38) using the time shift pdfs obtained from
the Gaussian approximation (5.15b), and the characteristic function method (5.17).
For each point in the plot, the total number of pump channels was chosen so that
they filled a spectral range of 800 GHz around the center frequency of the target
channel. A further increase in the number of channels had a negligible effect on the
time shift pdf since the collision-induced time shift decreases quadratically with the

channel spacing [41], [136].
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Fig. 6.5: Bit error ratio and )-factor as functions of channel spacing.

As seen in Fig. 6.5, the difference in BER computed with the two methods is less
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than an order of magnitude when amplified spontaneous emission noise is present,
despite the difference in the time shift pdfs that are obtained with the Gaussian and
characteristic function methods. The reason for that is as follows: The pdf of the
electrical current p(I, t) in (6.38) is mainly affected by the part of the time shift
pdf pr that has values of 1 down to 10711072, Even though there is a significant
difference between pr Gauss and pr cnar in the tails, they agree near their centers. After
the convolution of the noise and nonlinear amplitude jitter contributions to the pdf,
the pdf of the current is changed by weighting with the values of the time shift pdf.
Since pr causs and pr.cnar are close near their centers, the difference between the two
on average is smaller than it is in the tail. As a result, the BER values obtained
with the two methods are much closer than the two time shift pdfs. However, in
the case of 25-GHz-spaced channels, the timing jitter leads to a very large error rate.
At this point, the relative difference in the BER estimates obtained with the two
methods becomes significant. This difference can determine the success or failure of
error-correction techniques and cannot be neglected.

As the calculation of the exact pdf of collision-induced time shift using the char-
acteristic function method is not computationally expensive, we believe that it should

always be used instead of the Gaussian approximation.



7. CONCLUSIONS

The BER is the key figure of merit in an optical fiber communications system and
must be accurately calculated when designing systems. For a system researcher, it
poses a real challenge as the transmission errors are caused by a large number of
phenomena, both deterministic and stochastic in nature. In this work, we have ad-
dressed one important aspect of the BER evaluation — the effect of fiber nonlinearity
on transmission of optical signals and its contribution to the BER along with the noise
from optical amplifiers.

Fiber nonlinearity by itself is a deterministic, unchanging property of silica glass.
However, since the information carried by the optical light can be considered ran-
dom from a statistical standpoint, the optical power in the fiber varies randomly as
well. As a consequence, the nonlinear effects lead to non-deterministic signal distor-
tions. Hence, there is a need for a probabilistic description of nonlinear penalties.
Mathematically, the behavior of such systems is described by nonlinear partial differ-
ential equations with random initial conditions. An exact solution of these equations
does not exist in general. A common approach to this problem is to estimate the
average distortion of the signal and use the average to calculate the degradation of
the @)-factor. This approach is, however, not usually sufficient to calculate the BER
accurately.

In this dissertation, we have presented a new approach, whose essence is to char-
acterize the nonlinearly-induced penalty with a complete pdf. One can use biased

Monte Carlo simulations to estimate the pdf with the required accuracy. In this
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full statistical approach, we use the full propagation equation that cannot be solved
analytically to model the system and we solve it numerically by randomly changing
the input conditions on each new simulation run. The Monte Carlo simulations are,
however, time consuming and with modern-day computers it is computationally ex-
pensive to obtain an estimate of the pdf over many orders of magnitude even with
biasing. The main contribution of this dissertation is a new deterministic method
for accurate evaluation of the nonlinear effects in BER calculation that is based on
finding the pdf of nonlinearly-induced penalty. We have also calculated this pdf using
a full statistical method based on biased Monte Carlo simulations. The two methods
agree very well over fifteen orders of magnitude.

We focused our effort on WDM systems utilizing the RZ modulation format.
While the RZ modulation is the usual choice in undersea systems, no method has
appeared in the literature that allows one to accurately calculate the BER due to
inter-channel nonlinear crosstalk in such systems.

The method for BER evaluation proposed here is based on calculation of the pdf of
collision-induced time shift, which is the major nonlinear effect in WDM RZ systems,
and the nonlinearly-induced amplitude jitter. To start with, we have calculated the
time shift function for pairwise collisions using efficient analytical and numerical pro-
cedures. In this analysis, we assume that all multipulse collisions can be represented
as a superposition of two-pulse collisions. The time shift function provides us with
an important knowledge of the nonlinear properties of the system. This function can
be used to identify the bit patterns that lead to large time shifts. It can be used to
design line codes to effectively suppress collision-induced timing jitter [135]. The time
shift function can also be used in probabilistic description of the nonlinear penalties
due to timing jitter. In particular, we have calculated the pdf of collision-induced
time shift using the time shift function and a characteristic function method. This

calculation is completely deterministic.
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To validate our deterministic theory, we have used biased Monte Carlo methods
— the standard importance sampling method and the multicanonical Monte Carlo
method. Despite the approximations and assumptions made in our reduced deter-
ministic approach, the pdf of the collision-induced time shift calculated with this
approach agrees with the biased Monte Carlo simulations over fifteen orders of mag-
nitude. We also showed that the Gaussian function, often used to approximate the
pdf of the collision-induced time shift, deviates significantly in the tails from the true
pdf.

In the next step, we evaluated the pdf of the received current due to nonlinear
effects, neglecting noise. We converted the pdf of the time shift to pdf of the received
current at the detection point using a pulse shape at the receiver. With a single
pulse in the target channel, we obtained excellent agreement between the reduced
deterministic and full statistical approaches. This agreement demonstrates that the
collision-induced timing jitter is the dominant nonlinear effect in this type of system.
When considering multiple pulses in the target channel, we must also account for the
amplitude jitter, induced by the inter- and intra-channel nonlinear interactions, which
does not arise due to timing jitter. To calculate the pdf of the current due to this
additional amplitude jitter, we applied an approach based on pairwise interactions,
similar to what we did for the timing jitter. In this case, we considered the interaction
of a pseudo-random pulse sequence (a superpulse) in the target channel with single
pulses in the neighboring channel. Assuming additivity of the pulse distortions at
the receiver, one can calculate the pdf of the current using the characteristic function
approach. Then we combine the pdfs of the current that are due to collision-induced
timing jitter and nonlinearly-induced amplitude jitter, assuming the statistical inde-
pendence of the two. Despite the approximations, we have achieved agreement to
within an order of magnitude between this reduced deterministic approach and a full

statistical approach over the entire range of the pdfs that we calculated.
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Finally, we showed how to calculate the BER in the presence of both nonlinear
signal distortion and amplified spontaneous emission noise. As we showed, the non-
linear effects can significantly degrade the system performance, and in order to take
these effects into account, one must use a probabilistic approach.

In this dissertation, we presented and validated the tools that enable one to ac-
curately characterize the inter- and intra-channel nonlinear effects when calculating
the BER in WDM RZ systems.

As more advanced modulation formats emerge from the research laboratories, the
techniques that have been developed in this work can be used to accurately account

for the nonlinear penalties in these new systems.
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