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Abstract: We investigate the formation of cavity solitons in crystalline whispering-gallery-
mode disk resonators that are pumped in different dispersion regimes. In the Fourier domain,
these dissipative structures correspond to specific types of mode-locked Kerr optical
frequency combs. Depending on the sign of the second-order chromatic dispersion and on the
pumping conditions, we show that either bright or dark cavity solitons can emerge, and we
show that these two regimes are associated with characteristic spectral signatures that can be
discriminated experimentally. We use the Lugiato-Lefever spatiotemporal formalism to
investigate the temporal dynamics leading to the formation of these azimuthal solitons, as well
as the emergence of Turing patterns. The theoretical results are in excellent agreement with
experimental measurements that are obtained using calcium and magnesium fluoride disk
resonators pumped near 1550 nm.

Index Terms: Kerr optical frequency combs, solitons, Turing patterns, whispering gallery
modes.

1. Introduction

Kerr optical frequency combs are sets of equidistant spectral lines in the optical domain, which are
obtained through pumping a whispering gallery mode (WGM) resonator with a continuous wave (CW)
laser [1]. The physical phenomenon behind Kerr comb generation is four-wave mixing, where two
input photons « and ;. may be converted into two output photons g and n following hw.,+
hw, — hwg + hw,, as long as they fulfill the requirements of energy and momentum conservation.
Under optimal conditions, the photons originating from the pump laser are first transferred via this
four-wave mixing to the neighboring cavity modes, and each excited mode is later on mixed with the
others following the same mechanism. This cascaded process ultimately leads to the excitation of a
broadband comb containing as much as several hundreds modes. If these spectral components
remain phase-correlated, the corresponding time-domain optical signal is a train of equidistant,
narrow, and ultra-low-jitter pulses yielding ultra-stable GHz or THz oscillations after photo-detection.
These Kerr combs are promising alternatives to ultra-fast mode-locked lasers for several applications
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Fig. 1. (a) Experimental setup for the generation of Kerr combs in WGM resonators. The amplified CW
laser pump at 1552 nm is coupled to the crystalline disk resonator using a tapered fiber, and the output
is detected on an optical spectrum analyzer (OSA). (b) Photograph of the coupled resonator: the input
signal goes from the fiber to the resonator through the evanescent field of the tapered fiber. Green laser
light is here used for illustration purpose only.

in aerospace and communication engineering, as well as for sensing, time-frequency metrology or
fundamental physics [2]-{7].

Kerr comb generation can be theoretically described by either a modal expansion or a
spatiotemporal formalism. In the first case, a set of coupled ordinary differential equations tracks
the individual dynamics of the complex envelope for each eigenmode of interest [8]-{10]. In the
second case, a patrtial differential equation synthetically describes the dynamics of the overall intra-
cavity field, which is the sum of the modal fields [11]—-[14]. In the limit where the spectral extension of
the comb is not octave spanning, it has been demonstrated in [13] that the spatiotemporal equation is
mathematically equivalent to the Lugiato-Lefever equation (LLE) [15], which is a nonlinear
Schrédinger equation (NLSE) with driving, damping and detuning. It is noteworthy that the LLE is a
paradigmatic equation for dissipative cavity solitons, which are in our case pulse-like solutions in the
time domain. Since narrow pulse formation is the key mechanism leading to broadband Kerr combs in
the frequency domain (see for example [16]), it is necessary to understand this phenomenology in
order to optimize the properties of the comb with regards to the targeted applications.

In this article, we investigate the formation of cavity solitons in WGM resonators. We here refer to
these solitons as “azimuthal” because they are defined on a compact background with periodic
boundary conditions. We particularly focus on the influence of the group velocity dispersion (GVD)
on the formation of these solitons, and we show that depending on the initial conditions, bright
solitons can be generated in the regime of anomalous GVD, while dark solitons can emerge in the
regime of normal GVD. We also present the experimental Kerr optical frequency combs that
correspond to the spectral signature of these localized dissipative structures.

The organization of the paper is the following. In the next section, we present the experimental system
used to generate the Kerr combs. Then, the theoretical model is presented in Section 3. We discuss the
case of Turing patterns and modulational instability in Section 4 when the GVD is anomalous. We also
perform a numerical and experimental study, which enables us to understand the transient dynamics
leading to the formation of these localized dissipative structures. Then, Sections 5 and 6 are devoted to
the study of the formation of bright and dark cavity solitons, which arise in the anomalous and normal
GVD regimes, respectively. The last section summarizes our results and concludes the article.

2. Experimental Setup

Our experimental setup is presented in Fig. 1. The WGM resonators used in our experiments are mm-
size crystalline disks with a free spectral range (FSR) of the order of 5 GHz. The crystals are either
calcium or magnesium fluoride (CaF or MgF,, respectively), and we polish the disks in order to obtain
intrinsic quality factors of the order of 10° at 1550 nm. The resonators are pumped with a narrow
linewidth CW semiconductor laser (RIO Orion, 1552 nm), amplified by a standard erbium-doped fiber
amplifier (EDFA). The output power thereby reaches power levels as high as few hundreds of mW.
This pump signal is then coupled into the crystalline WGM disk resonator via the evanescent field of a
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tapered fiber whose diameter is as low as one micron. The intra-cavity field is coupled out through the
same tapered fiber, and sent to the detection equipments. The output signal is first monitored using a
slow photodiode in order to select a specific resonance and control the detuning between this reso-
nance and the laser’s wavelength. Then, a high resolution optical spectrum analyzer (APEX 2440B) is
used to monitor the spectral characteristics of the output optical signal. In the next sections, the MgF,
and CaF, will be used to investigate the anomalous and normal dispersion regimes, respectively.

3. Theoretical Modeling

Whispering gallery modes are characterized by two main properties, namely their eigenfrequency
distribution and their modal linewidths.

On the first hand, the eigenmodes of the fundamental family are unambiguously determined by a
single (azimuthal) eigennumber ¢, which stands for the number of total internal reflections performed
by a photon trapped within that mode. If we restrict ourselves to the case where only second-order
dispersion is relevant, then the eigenfrequencies w, of the resonator can be expanded around the
eigenfrequency w, of the pumped mode following w; = wy, + 1(£ — o)+ (C2/2)(¢ — £o)?, where
¢1 = ¢/any is the intermodal angular frequency (or free spectral range, FSR), a is the main radius of
the disk, and g is its refraction index at the frequency wy,. Note that for typical mm-size disks, we have
¢1/2m ~ 10 GHz. As a consequence, we have (o ~ wy, /(1 ~ 10%, and the round trip-time inside the
cavity is given by T = 27/(; ~ 100 ps. The parameter {, stands for the second-order dispersion
which measures the unequidistance of the eigenfrequencies at the lowest order. Typical values for
crystalline resonators pumped near 1550 nm are such that |(x|/27 ~ 1 kHz, with {, being positive
(negative) in the anomalous (normal) GVD regime. On the other hand, the modal linewidths Aw,
depend on the frequency w, and on the loss factor at that frequency. They are a measure of the energy
storage capacity of the resonator since they are inversely proportional to the lifetimes for photons of
frequency wy inside the cavity.

In this study, we focus on combs whose spectral extension is far below octave spanning. In this
case, the modes of interest are spectrally close to the pumped mode ¢y, so that their modal
linewidths and spatial profiles can be considered as quasi-degenerated. It was shown in ref. [9] that
in that case, the complex-valued slowly-varying envelopes .4,(t) of the modal fields obey the
following system of coupled equations:

dA 1 1 :
Ttk = — EAWtOPAk + 6(5 — [o) 5 Awtot}"oe"’t
—igo Y 8(tm — o+ lp — £) Ar, Aj Ay, elilem ety ] (1)
il

with §(x) being the usual Kronecker function equal to 1 when x =0 and to 0 otherwise. In this
description, A, stands for the intra-cavity amplitude of the ¢-th mode, and it has been normalized such
that |.4,|? is the number of photons in the mode. The first term in the right-hand side (RHS) stands for
the intrinsic and extrinsic (or coupling) losses: it is characterized by the total linewidth
Awiot = Awin + Awext, Where Awin exttot = Wiy / Qinextot- The parameters Qin, Qext, Quot are respectively
the intrinsic, extrinsic and total (or loaded) quality factors while the corresponding linewidths are
analogously defined. The second term in the RHS of Eq. (1) corresponds to the laser pump. The
parameter o = Qg — wy, is the detuning of the angular laser frequency ) with respect to the modal
resonance. Efficient pumping generally requires |o| to be smaller than the modal linewidth Awiet. Using
the theory for mode coupling in resonators [17], it can be shown that the intensity of this external
pumping termis suchthat (1/2) AwitFo = v Awextr/ P/HQ0, Where P is the intensity (in W) of the laser
pump at the input of the resonator [18]. The optical phase reference is set by this pump radiation, so
that we may choose F to be real-valued and positive. The lastterm in the RHS of Eq. (1) stands for the
four-wave mixing interaction. The nonlinear gain parameter go = (n. chwl?o /n3 Vo) where his Planck’s
constant, n, is the Kerr coefficient at the frequency g, and V, is the effective mode volume of the
pumped mode. The Kronecker function imposes that interacting photons fulfill the momentum
conservation requirement{p, + ¢y = £, + £. Thetermwy,, — wy, + wy, — wy inthe exponential argument
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within the summation stands for the phase detuning induced by the second-order dispersion, since it
vanishes when (; is set to zero according to Taylor expansion of the eigenfrequencies wy.

It has recently been shown in ref. [13] that the modal approach represented in Egs. (1) has an
exact spatiotemporal counterpart, which is a normalized Lugiato-Lefever equation with periodic
boundary conditions:

o By
o= (1 o)+ P — i

where the main variable is the total intracavity field . This field is linked to the modal fields .4, through

+F, (2)

w07 290 Z Al(r i(6—0o)0+RB(0—to)PT ]7 3)

Awtot

and it is important to note here that ¢ is a moving frame variable, in the sense that the group-velocity
motion has been removed in Eq. (2). The arguments of ¢ are § € [—, 7] which is the azimuthal angle
along the rim of the disk, and 7 = t/27, which is the dimensionless time, with 7pn = 1/Awiet being the
photon lifetime in the coupled cavity. The dimensionless parameters of this normalized LLE are the
frequency detuning a = —20/Awiet, the dispersion parameter 5 = —2(>/Awot, and the pump term

2g0 _ 8g0 Awext P

F = =,
Awit © Aud, hQo

(4)

In terms of order of magnitude, we typically have 4> ~ 1, |a| ~ 1 (can vary linearly from ~ —3 to 3),
I8l < 1, and F ~ 1. We will use this spatiotemporal formalism to investigate the time-domain
dynamics leading to pulse formation in both the anomalous (6 < 0) and normal (5 > 0) GVD regimes.
The numerical simulations have been performed using the Split-step Fourier method, with a time-step
of 1 ns, and the computation time was about 5 min to compute the dynamics of the system for 1 ms. It
should be noted that while our theoretical modeling focuses on the field inside the cavity, the
experiments can only give the intensity at the output of the fiber taper. These two quantities are linked
by Sout(t) = —F + v/Awext(0, t) according to the theory of coupled resonators [17], where |Sou? is
the dimensionless output power. As a consequence, the pump field F adds to a portion of the
intracavity field ¢ at the detector, which has to be taken into account when comparing the
experimental and computational spectra.

4. Turing Rolls via Modulational Instability in the Anomalous GVD Regime

The conditions under which Kerr comb generation occurs have been the focus of numerous studies,
and the underlying theory is far from being complete. In most cases, Kerr combs are generated
through modulational instability (Ml) in the regime of anomalous GVD. In this context, a flat
background is destabilized by weak perturbations leading to the formation of short pulses. In optics,
this phenomenology is generally observed in optical fiber systems [19], and is a widely studied topic of
research. Such Ml-induced combs had been observed experimentally, and the threshold behavior
leading to their apparition has been investigated in detail in ref. [9] using the modal expansion
approach. It had been demonstrated that these patterns, which corresponds to the so-called primary
combs [9], arise after a pitchfork bifurcation when the intracavity field reaches the threshold value
|1p|t2h = 1. The pattern is characterized by multiple rolls traveling circumferentially inside the cavity,
and near threshold, their number can be analytically determined as the closest integer value to

2 4 ra
/th\/é[UwLAwtot]\/Bb—q (5)

for a < 2 (see ref. [9]).
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Fig. 2. Numerical simulation of the generation of Turing rolls via MI. The parameters are o = —0.5,
#=-0.1and F = 1.89, and they lead to the formation of 7 rolls. (a) Formation of the rolls from a noisy,
quasi-flat initial condition. (b) 3D visualization of the Turing pattern in the WGM cavity. This pattern is
fixed in the moving frame, but it rotates in the laboratory frame with an angular frequency (1 = ¢/ano.
This is also the case for Figs. 4(b) and 6(b).
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Fig. 3. (a) Numerical spectrum of the Kerr comb induced by the Turing pattern of Fig. 2. (b) Experimental
Kerr comb spectrum obtained with a MgF, resonator, in the anomalous dispersion regime. In multiple-
FSR combs, the multiplicity 4, in the spectral domain is equal to the number of rolls in the azimuthal
direction.

Fig. 2 shows how these rolls are formed in the WGM cavity. The corresponding numerical spectrum
is displayed in Fig. 3(a) and it can be seen that they are characterized by a multiple-FSR spacing
between the spectral components, the multiplicity being equal to the number of rolls. We have
experimentally observed these patterns in our system, consisting of a magnesium fluoride WGM disk-
resonator with refraction index ny = 1.37 and radius a = 5.66 mm, yielding a FSR ¢; /27 = 5.9 GHz.
The intrinsic quality factor of the disk was equal to 1.7 x 10%, and the overall dispersion of the
resonator was anomalous at the pump wavelength ({>/27 ~ 1 kHz). The experimental spectra is
presented in Fig. 3(b), and it can be seen that satisfying agreement is achieved with the theoretical
spectrum. At the experimental level, this spectrum appeared to be relatively insensitive to external
perturbations, indicating that these patterns are particularly robust.

In the context of dissipative cavity structures, these patterns are sometimes referred to as Turing
patterns, in reference to Turing’s seminal work on morphogenesis [20], where he theoretically
predicted the spontaneous breakdown of symmetry and homogeneity through the emergence of
dissipative patterns in reaction-diffusion systems. It is a striking coincidence that Turing’s toy-model
was a “continuous ring of tissue”, and one of his main findings was that “in the most interesting
form stationary waves appear on the ring” [Turing rolls of Fig. 2(b)].

As far as the LLE with anomalous dispersion is concerned, it is worth noting that the super- or sub-
critical nature of Turing patterns have been studied in detail in refs. [21]-[23], and it is known that they
arise for « <41/30 and a > 41/30, respectively. The soft (supercritical) and hard (subcritical)
excitation regimes for Kerr combs have also been numerically investigated in ref. [24] using a modal
expansion approach. We show in the next sections that beside these MI-induced combs, it is possible
to observe cavity solitons, which are characterized by intrinsically different spectra.
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Fig. 4. Numerical simulation of the generation of a bright azimuthal cavity soliton. The parameters are
a =17, =-0.002, and F = 1.22. (a) Formation of the bright soliton from a pulse-like initial condition.
(b) 3D visualization of the bright cavity soliton in the WGM cavity.
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Fig. 5. Numerical spectrum of the Kerr comb induced by the bright cavity soliton of Fig. 4. This comb has
a single-FSR spacing.

5. Bright Azimuthal Cavity Solitons in the Anomalous GVD Regime

Previous research had proven the possibility of cavity solitons in systems described by the LLE. A
noteworthy example can be found in refs. [25], [26] where 2D bright cavity solitons were theoretically
evidenced in Kerr media illuminated by a free-propagating laser beam. That system was physically
similar to the one originally considered by Lugiato and Lefever [15], where the second order derivative
corresponded to a diffraction term, instead of a dispersive term as in our case.

Fig. 4 shows the emergence of this soliton when the flat background is initially excited by a pulse-
like perturbation. The bright cavity soliton is a sub-critical localized dissipative structure, in the sense
that it does not emerge for arbitrarily small perturbations of the background. The well known sech?
soliton which is the fundamental solution of the NLSE maintains its shape by achieving a balance
between nonlinearity and dispersion; cavity solitons have to achieve as well a balance between
energy gain (from the laser pump) and loss (since the cavity is dissipative). Unlike the NLSE soliton,
the LLE soliton stands on a non-zero background, and is generally characterized by a small pedestal
oscillation. In our case, bright solitons are sub-critical localized dissipative structures, which are
indirectly linked to sub-critical Turing patterns. That is why they can theoretically not be observed for
a < 41/30 (in general, they arise for o ~ 2). They are therefore intrinsically different from the Turing
rolls displayed in Fig. 2 since unlike solitons, these supercritical Turing rolls can be as small as one
wants above threshold. Actually, just above threshold, the “rolls” are sinusoidal, and thereby induce
only two modulation sidebands. The apparition of this 3-modes Kerr comb corresponds to the
typical phenomenology of MI, and has been investigated in detail in ref. [9]. It is also noteworthy that
Turing rolls are not localized structures because they inherently depend on the boundary conditions,
since there is always an integer number of them along the rim. On the other hand, solitons are indeed
localized structures, and they do not “see” the boundaries when they are far enough. The soliton of
Fig. 4(a) typically behaves as if its background had an infinite extension.

The spectrum corresponding to this soliton is presented in Fig. 5. Since there is only one pulse
traveling in the cavity, all the WGMs are excited and mode locked. Less than 10 modes where
excited in the Ml regime, but here it can be seen that more than 200 modes are excited. The cavity
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Fig. 6. Numerical simulation of the generation of a dark azimuthal cavity soliton. The parameters are
a =2.05, 5 =0.0125, and F = 1.4. (a) Formation of the dark soliton from a pulse-like initial condition.
(b) 3D visualization of the dark cavity soliton in the WGM cavity.
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Fig. 7. (a) Numerical spectrum of the Kerr comb induced by the dark cavity soliton of Fig. 6. This comb
has a single-FSR spacing. (b) Experimental Kerr comb spectrum of a dark soliton obtained in a CaF,
resonator whose dispersion is normal at 1550 nm.

soliton power spectrum is very characteristic and can be unambiguously identified by its single-FSR
line-spacing and its wing-like shape around the pump; this particular feature is in fact induced by the
pedestal. A theoretical analysis of the formation of such solitons is proposed in refs. [13], [14], and a
noteworthy reference were these solitons have been experimentally studied is ref. [16].

6. Dark Azimuthal Cavity Solitons in the Normal GVD Regime

It is known that the MI observed in the anomalous dispersion regime cannot arise in the normal
GVD regime because the pump cannot be phase-matched with the small modulation-induced
spectral sidebands. For this reason, it was thought for some time that stable Kerr comb could not
exist in the normal GVD regime. However, some early works did provide scientific motivations for
the possibility of Ml in the normal GVD regime when strong (instead of weak) perturbations of the
CW background are considered. For instance, using the NLSE formalism, it had been shown that
MI can be induced in the normal GVD regime by two co-propagating optical fields interacting with
each other through cross-phase modulation [27]. In fiber-ring cavities, which are similar in many
ways to WGM disk resonators, Ml may arise in the normal GVD regime owing to the extra degree of
freedom provided by the frequency detuning between the pump laser and the resonant cavity [28].
In the specific context of WGM disk resonators, the modal expansion model predicted the possibility
of Kerr comb generation for all but zero GVD [9]. Normal GVD Kerr combs have also been
theoretically and experimentally studied in (CaF,) WGM resonators [29]-[31].

In their review article [32], Kivshar and Luther-Davies define optical dark solitons as localized
nonlinear waves (or “holes”) existing on a stable continuous wave (or extended finite-width). We
show here that these dark solitons can also be observed in our system. The numerical simulations
of Fig. 6(a) shows how a dip-like perturbation of the background can lead to a dark cavity soliton.
This soliton has been experimentally evidenced as well. The WGM resonator in this case is a
calcium fluoride disk with refraction index ny = 1.43, radius a = 5.5 mm and intrinsic quality factor
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equal to 0.7 x 10°, yielding a FSR (;/2r = 6.1 GHz. The overall dispersion of the resonator is
weakly normal for our pump wavelength, and is of the order of (o/27 ~ —1 kHz.

The theoretical spectrum of the dark soliton is displayed in Fig. 7(a) and it agrees very well with
the experimental measurement. This spectrum is characterized by a single FSR spacing between
the comb teeth, and the triangular-like decrease of the sidemode powers. However, it was
experimentally noted that this dark soliton is not a very robust solution, as it decays to a flat
background steady state when submitted to relatively modest external perturbations.

7. Conclusion

In conclusion, we have provided numerical and experimental evidence of bright and dark solitons in
crystalline WGM disk resonators, and we have discussed the conditions leading to their emergence
in the context of Kerr comb generation. The Lugiato-Lefever equation has enabled to analyze the
dynamical properties of these solitons. It is important to study in more detail the importance of GVD
in future works, with the objective of tailoring for the spectral properties of the comb [33], [34]. It will
be interesting as well to investigate the stability of these solitons, and to explore the dynamical
properties of the wide variety of Kerr combs that are experimentally observable [35].
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