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A stochastic approach to phase noise analysis for
microwaves generated with Kerr optical frequency
combs
Fengyu Liu 1, Curtis R. Menyuk 2 & Yanne K. Chembo 1✉

Kerr optical frequency combs are expected to play a major role in photonic technology, with

applications related to spectroscopy, sensing, aerospace, and communication engineering.

Most of these applications are related to the metrological performance of Kerr combs, which

is ultimately limited by their noise-driven fluctuations. For this reason, it is of high importance

to understand the influence of random noise on the comb dynamics. In this communication,

we theoretically investigate a model where Gaussian white noise is added to the coupled-

mode equations governing the comb dynamics. This stochastic model allows us to char-

acterize the noise-induced broadening of the spectral lines. Moreover, this study permits to

determine the phase noise spectra of the microwaves generated via comb photodetection. In

this latter case, our analysis indicates that the low-frequency part of the spectra is dominated

by pattern drift while the high-frequency part is dominated by pattern deformation. The

theoretical results are found to be in excellent agreement with numerical simulations.
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Kerr optical frequency combs are sets of discrete and equi-
distant spectral lines that can be generated using a high-Q
monolithic resonator pumped with a resonant laser1,2.

When the bulk medium of the cavity features a Kerr nonlinearity,
the pump photons can be frequency-converted via four-wave
mixing and populate adjacent cavity eigenmodes3,4. A key char-
acteristic of these combs is that there is a threshold pump power
below which this four-wave mixing process is spontaneous, and
above which it is stimulated. In this latter case, the comb lines
exhibit strong phase correlation in the spectral domain. Such
phase-locking leads to the formation of well-defined patterns in
the spatiotemporal domain, which can be extended (such as roll
patterns), or localized (bright or dark solitons). From a theoretical
viewpoint, Kerr combs have been studied extensively and their
deterministic characteristics are nowadays well understood5–7.

Kerr optical frequency combs have been found in numerous
applications such as coherent optical communications8,
spectroscopy9, sensing10,11, and ultra-pure microwave
generation12. Most of these applications are based on the
exceptional coherence of the combs, which is ultimately limited
by noise-driven fluctuations. Compared with other frequency
comb generation systems, Kerr comb generators are simpler and
more compact because of the small mode volume, high photon
density, and long photon lifetime, but these advantages may
introduce more noise. Researchers have studied various noises in
the resonator theoretically and experimentally13–15. However, the
mechanism by which these noises affect the fluctuations, and
further the phase noise of the combs, remains unclear. One
approach to understanding the effect of these fluctuations is to
introduce Langevin noise terms leading to stochastic differential
equations.

In this communication, we aim at using this stochastic
approach in order to characterize the coherence of the combs in
the optical domain. We focus on the case of additive Gaussian
noise because despite its conceptual simplicity, it already unveils a
complex interaction between nonlinearity and noise that leads to
profound consequences in terms of metrological performance.
We also focus on whispering-gallery mode resonators here
because of their conceptual simplicity and practical importance.
This analysis will allow us to understand how the fluctuations of
the optical comb lines are converted to microwave phase noise
after the photodetection of the comb. We anticipate that our
results can be extended to more complex resonators with high
quality factors and more complex noise spectra.

Results and discussion
System. The main element of the system is a whispering-gallery
mode resonator of main radius a, pumped with a resonant and
continuous-wave laser of power PL and angular frequency ωL.
The size of the resonator defines its free-spectral range (FSR) as
FR= 1/TR=ΩR/2π= vg/2πa= c/2πang, where ΩR is the angular
FSR, c is the velocity of light in vacuum, ng is the group-velocity
refraction index at the pump wavelength, and vg= c/ng is the
corresponding group velocity. The photons are trapped in
eigenmodes with effective volume Veff= 2πa Aeff, with Aeff being
the effective mode area. These modes are longitudinal eigen-
modes from the same transverse mode family, which are labeled
with their reduced azimuthal eigenumber l such that l= 0 is the
laser-pumped mode and the sidemodes are expanded as
l= ±1, ±2, ±3,⋯ . The corresponding eigenfrequencies can be
Taylor-expanded as ωl ¼ ω0 þ∑þ1

n¼1 ζnl
n=n!, where ω0 is the

eigenfrequency of the laser-pumped mode, ζ1=ΩR, while ζn is
the nth-order dispersion coefficient for n ≥ 2. The losses in the
resonator are characterized by the half-linewidth κ= ωL/2Q,
where Q is the total (or loaded) quality factor. In fact, the loaded

quality factor depends on the intrinsic (or cavity) and extrinsic
(or coupling) quality factors as Q�1 ¼ Q�1

i þ Q�1
t , leading to

κ= κi+ κt. The bulk material of this optical cavity has a Kerr
coefficient n2, which can be rescaled to γ= ωLn2/cAeff (in units of
W−1m−1). A schematic representation of the experimental sys-
tem is presented in Fig. 1.

Stochastic model. The semi-classical dynamics of Kerr optical
frequency combs can be investigated using two equivalent mod-
els, namely the coupled-mode equations16,17 and the Lugiato-
Lefever spatiotemporal equation18–21. The most suitable model
for our analysis is the first one because we need to resolve the
noise-driven fluctuations for each optical mode. In that case, the
temporal dynamics of the modal amplitudes of the various modes
obey the following equations:

_El ¼� κ El þ i σ � ∑
kmax

k¼2

ζk
k!
lk

" #
E l

þ ivgγ ∑
m;n;p

δðm� nþ p� lÞ EmE�
nEp

þ δðlÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2κt=TR

p ffiffiffiffiffi
PL

p
þ

ffiffiffiffiffi
2κ

p
Λ vlðtÞ;

ð1Þ

where E lðtÞ is a complex slowly varying amplitude for each mode l
and is normalized such that jE lj2 is in units of watts. The para-
meter σ= ωL− ω0 corresponds to the detuning between the laser
and the pumped resonance frequency. The complex-valued
additive Gaussian white noise terms vl(t) have the correlation
properties

hvlðtÞi ¼ 0; ð2Þ

hvlðtÞv�l0 ðt0Þi ¼ δl; l0 δðt � t0Þ; ð3Þ
where the delta symbols with subscripts represent Kronecker
functions while the delta symbols followed by parentheses
represent Dirac delta functions. These noise terms are weighted in
each mode by the real-valued amplitude Λ which is such that Λ2

is in unit of watts. This approach of coupled-mode equations with
additive Gaussian noise was introduced in ref. 22, and some sta-
tistical properties of the comb had been analytically derived. It
should be noted that the coherence of the combs can also be
analyzed from a purely spatiotemporal perspective8.

The output optical field Eout;l is related to the intra-cavity field
by

Eout;l ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
2κtTR

p El �
ffiffiffiffiffi
PL

p
δðlÞ; ð4Þ

still with jEout;lj2 in units of watts.
We use the following parameters for our numerical simula-

tions: The single-frequency laser is assumed to be ideal with an
infinitely narrow linewidth at wavelength λ0= 1550 nm. The
refraction index of the resonator at that frequency is ng= 1.43,
corresponding to ΩR= 2π × 13.4 GHz. The nonlinear parameter
is set to γ= 1.0 W−1km−1. The intrinsic quality factor is
Qi= 109, and the coupling quality factor is Qt= 0.25 × 109.

Laser

Kerr comb generator
CombPump

WGMR
PD

Phase noise 
analyzer

Microwave

Fig. 1 Schematic illustration of microwave generation using a Kerr optical
frequency comb. WGMR whispering-gallery mode resonator, PD
photodiode.
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The additive Gaussian noise amplitude is Λ= 5 × 10−6W1/2. We
neglect dispersion beyond the second order.

Simulation of Eq. (1) yields a variety of solutions depending on
the system parameters and initial conditions. These solutions for
El lead to distinctive intracavity spatiotemporal patterns, as
shown in Fig. 2. In this communication, we will focus on four
different patterns, namely bright solitons, dark solitons, roll
patterns with single-FSR spacing, and roll patterns with multiple-
FSR spacing. Throughout the article, we assume that the system
is in a stationary and noise-free state for t < 0, while the
noise is switched on at t= 0 and the system thereby becomes
stochastic.

Optical fluctuations under threshold. In the sub-threshold
regime, all the sidemodes l ≠ 0 are fluctuating around zero, while
the amplitude of the central mode l= 0 fluctuates around a non-
zero amplitude. The fields can therefore be rewritten as

ElðtÞ ¼
E0ð0Þ þ δE0ðtÞ for l ¼ 0

δE lðtÞ for l ≠ 0

�
; ð5Þ

where δE l denotes the fluctuation fields, while the amplitude
E0ð0Þ is the solution of the nonlinear algebraic equation

0 ¼� κ E0ð0Þ þ i σ � ζ2
2
l2

� �
E0ð0Þ

þ ivgγjE0ð0Þj2E0ð0Þ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2κt=TR

p ffiffiffiffiffi
PL

p
:

ð6Þ

If we consider N sidemode pairs around the central mode, Eq. (1)
can be rewritten as a set of 2N+ 1 differential equations after
ignoring the multiplicative fluctuation terms, in the form

δ _E l ¼ Rl δE l þ Sl δE�
�l þ

ffiffiffiffiffi
2κ

p
Λ vlðtÞ ð7Þ

for the fluctuations in each mode, with

Rl ¼ �κþ i σ � ζ2
2
l2

� �
þ 2ivgγ jE0ð0Þj2; ð8Þ

Sl ¼ ivgγ E2
0ð0Þ; ð9Þ

being complex-valued parameters. Since the fluctuations are
pairwise coupled, Eq. (7) can be further rewritten as N+ 1
independent sets of 2 × 2 noise-driven linear flows, in the form

δ _E l

δ _E�
�l

" #
¼ Jl

δEl

δE�
�l

� �
þ

ffiffiffiffiffi
2κ

p
Λ

vlðtÞ
v��lðtÞ

� �
; ð10Þ

where

Jl ¼
Rl Sl

S�
l R�

l

� �
ð11Þ

is a 2 × 2 Jacobian matrix. These equations can be solved in the
Fourier domain as

δ~ElðωÞ
δ~E�

�lð�ωÞ

" #
¼ �

ffiffiffiffiffi
2κ

p
Λ½Jl � iωI2��1 ~vlðωÞ

~v��lð�ωÞ

� �
; ð12Þ

where I2 is a 2nd order identity matrix, and the solution is given
by

δ~E lðωÞ ¼
ffiffiffiffiffi
2κ

p
Λ
ðR�

l � iωÞ~vlðωÞ � Sl~v
�
�lð�ωÞ

DlðωÞ
; ð13Þ

where

DlðωÞ ¼ ðRl � iωÞðR�
l � iωÞ � SlS�

l

¼ ðκ2 þ η2l � v2gγ
2jE0ð0Þj4 � ω2Þ þ 2iκω;

ð14Þ

ηl ¼ =½Rl� ¼ σ � ζ2
2
l2 þ 2vgγ jE0ð0Þj2: ð15Þ

The spectral density of the fluctuations for the output field in
the mode l then becomes

SδE;lðωÞ ¼ 2κtTRhδ~E lðωÞδ~E
�
l ðωÞi

¼ 4κtκTRΛ
2

´
ω2 þ 2ηlωþ κ2 þ η2l þ v2gγ

2jE0ð0Þj4

κ2 þ η2l � v2gγ
2jE0ð0Þj4 � ω2

� �2
þ 4κ2ω2

:

ð16Þ

Using the above equation and Parseval’s theorem, the variance
of the fluctuations can be written as

hjδEout;lj2i ¼
1
2π

Z þ1

�1
SδE;lðωÞ dω

¼ 2κtTRΛ
2ðκ2 þ η2l Þ

κ2 � v2gγ
2jE0ð0Þj4 þ η2l

:

ð17Þ

The above formula is valid as long as the sidemodes remain
noise-driven, i.e., when the real parts of eigenvalues of the
Jacobian Jl are strictly negative following the condition
v2gγ

2jE0ð0Þj4 < κ2 þ η2l . We note that the noise amplitude para-

meter Λ is defined such that hjElðtÞj2i ! Λ2 when
ffiffiffiffiffi
PL

p ! 0, so

Fig. 2 Schematic representation of stochastic Kerr combs. The combs are in space (a–e) and frequency (f–j), and are at a given time t (snapshot), after
simulation of Eq. (1). The upper row displays the total intracavity field power jEðθÞj2, while the lower row displays the corresponding stem plot for the
modal intensities jEout;lj2 in a logarithmic scale (note that they are spectrotemporal snapshots and not Fourier spectra). The noise in the spatiotemporal
patterns has been accentuated for the sake of visual clarity. a, f Flat state (no comb). b, g Bright soliton (PL= 4.00 mW, σ=− 2κ, and ζ2= 2π × 2.92 kHz).
c, h Dark soliton (PL= 5.30mW, σ=− 2.5κ, and ζ2=− 2π × 2.92 kHz). d, i Roll pattern of order L= 1 (PL= 3.09mW, σ=− κ, and ζ2= 2π × 874.7 kHz).
e, j Roll pattern of order L= 4 (PL= 2.27mW, σ=− κ, and ζ2= 2π × 366.4 kHz). The numerical simulations will involve the four cases from Comb 1 to
Comb 4.
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Λ2 equals the intracavity power of the sidemodes in the
hypothetical case where they are exclusively driven by external
noise.

Microcomb above threshold: fluctuations from pattern drift
and pattern deformation. When the power of the external laser
pump field is set above threshold, some sidemode pairs can be
deterministically excited, thereby leading to Kerr comb forma-
tion. These combs correspond to various spatiotemporal patterns
inside the cavity, as shown by Fig. 2. Here, we aim at analyzing
the dynamics of fluctuations generated by the additive Gaussian
white noise on these patterns.

The first step is to note that the unitary symmetry of Eq. (1)
indicates that the phase of the stationary side modes is arbitrary
because of the invariance of Eq. (1) under phase rotation

Elð0Þ ! Elð0Þ expðilϑÞ ð18Þ
for all l and with arbitrary ϑ. In other words, the system is
neutrally stable in the azimuthal direction. This corresponds to a
shift of the entire azimuthal profile by a constant angle ϑ. As a
result of this invariance, the Jacobian of the coupled mode
equations has a null eigenvalue. The effect of this mode is to
induce a pattern drift that undergoes a random walk in the
azimuthal direction. In other words, whenever a pattern is
stochastically perturbed in the azimuthal direction, the perturba-
tion is undamped and can diverge asymptotically – Indeed,
further analysis will show that this is a Wiener process. This
phenomenon is referred to as timing jitter in systems where the
output signal is analyzed as an unwrapped timetrace instead of a
stationary pattern23–25. As a result of this drift, the traditional
perturbation methods that assume small deviations are invalid.

To circumvent this problem, we rewrite the field in each mode
as

ElðtÞ ¼ Elð0Þ exp ilϑðtÞ½ � þ δE lðtÞ; ð19Þ
where ϑ(t) is the global phase deviation of the comb with
ϑ(0)= 0 – Note that the complex-valued amplitude fluctuations
are also initialized as δE lð0Þ. The complex-valued perturbations
δE l are referred to as orbital deviations, and they represent
the deviation from the orbit of the stationary solution26.
These perturbations are associated to eigenvalues with strictly
negative real parts, and for that reason, are damped. As a
consequence, the fluctuations δEl are small at all time and they
lead to pattern deformation, i.e., small stochastic fluctuations of
the shape of the spatiotemporal pattern. The effect of pattern drift
and deformation will be evaluated via their corresponding phase
noise spectra. A schematic representation of pattern drift and
pattern deformation is displayed in Fig. 3.

Optical stochastic fluctuations of soliton patterns. In the case of
bright and dark solitons, all of the sidemodes adjacent to the
pumped mode are excited. As a consequence, all the related field
fluctuations have to be accounted for, and they will be globally
coupled. The variable E lð0Þ can be numerically calculated by
solving the equations

0 ¼� κ E lð0Þ þ i σ � ζ2
2
l2

� �
Elð0Þ

þ ivgγ ∑
m;n;p

δðm� nþ p� lÞ Emð0ÞE�
nð0ÞEpð0Þ

þ δðlÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2κt=TR

p ffiffiffiffiffi
PL

p
ð20Þ

and choosing an appropriate phase.
Substituting Eq. (19) into Eq. (1), and ignoring the terms for

multiplication of fluctuations, we get the set of 2N+ 1 differential

equations again:

ilE lð0Þ expðilϑÞ _ϑþ δ _E l ¼ ∑
N

p¼�N
Rl;p δEp þ ∑

N

p¼�N
Sl;p δE�

p þ
ffiffiffiffiffi
2κ

p
Λ vlðtÞ

ð21Þ
for the fluctuations in each mode, where

Rl;pðtÞ ¼ �κþ iðσ � ζ2
2
l2Þ

� �
δðp� lÞ

þ 2ivgγ ∑
m;n

δðm� nþ p� lÞ Emð0ÞE�
nð0Þ

´ exp iðl � pÞϑðtÞ� 	
ð22Þ

Sl;pðtÞ ¼ivgγ ∑
m;n

δðmþ n� p� lÞ Emð0ÞEnð0Þ

´ exp iðl þ pÞϑðtÞ� 	 ð23Þ

are complex-valued parameters determined by the initial
stationary solutions and the global phase deviation.

We can rewrite Eq. (21) under the form of a noise-driven flow,
in the form

X

X�

� �
_ϑþ δ _Ψ

δ _Ψ
�

" #
¼ JðtÞ δΨ

δΨ�

� �
þ VðtÞ

V�ðtÞ

� �
; ð24Þ

where the Jacobian J(t) is given by the following square matrix of
order (4N+ 2)

JðtÞ ¼ RðtÞ SðtÞ
S�ðtÞ R�ðtÞ

� �
; ð25Þ

while the (2N+ 1)-dimensional vectors involved in this flow are
explicitly defined as

δΨðtÞ ¼
δE�N ðtÞ

..

.

δEþN ðtÞ

2
664

3
775; ð26Þ

VðtÞ ¼
ffiffiffiffiffi
2κ

p
Λ

v�NðtÞ
..
.

vþNðtÞ

2
664

3
775; ð27Þ

Fig. 3 Schematic illustration of pattern drift and pattern deformation.
a Schematic illustration of pattern drift for a soliton. The red curve
represents the initial unperturbed soliton, while the blue curves represent
the perturbed solitons with pattern drift. b Schematic illustration of pattern
deformation for a soliton. The red curve represents the initial unperturbed
soliton, while the green curves represent the perturbed solitons with
pattern deformation. Pattern drift corresponds to a translational change of
the soliton’s azimuthal position within the cavity. On the other hand,
pattern deformation corresponds to a change of the soliton’s shape. Our
analysis shows that pattern drift is the leading contribution to phase noise
at low-frequency offset from the carrier, while pattern deformation is the
leading contribution to phase noise at high-frequency offset.
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and

XðtÞ ¼

�iNE�N ð0Þ exp �iNϑ½ �
�iðN � 1ÞE�ðN�1Þð0Þ exp �iðN � 1Þϑ½ �

..

.

�iE�1ð0Þ exp �iϑ½ �
0

iE1ð0Þ exp iϑ½ �
..
.

iðN � 1ÞEN�1ð0Þ exp iðN � 1Þϑ½ �
iNENð0Þ exp iNϑ½ �

2
6666666666666666664

3
7777777777777777775

: ð28Þ

It should be noted that the Jacobian matrix J(t) has to be
determined numerically because its components depend on the
stationary state values of the semi-classical modal fields E lð0Þ.
This Jacobian matrix is diagonalizable as

JðtÞ ¼ WðtÞDPðtÞ; ð29Þ
where W(t) is the matrix composed by the eigenvectors of J(t), D
is a constant diagonal matrix composed of the eigenvalues of J(t),
and P(t) is the inverse of W(t). It is important to note that owing
to the symmetry properties of J(t), D is a time-independent
matrix, while P(t) and W(t) are time-dependent.

Using Eq. (18), one can see one of the eigenvectors of the
Jacobian J(t) is

w1ðtÞ ¼ C
XðtÞ
X�ðtÞ

� �
expðiα0Þ; ð30Þ

where

C ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 ∑

N

l¼�N
l2jE lð0Þj2

s
ð31Þ

is the normalization factor that leads to ∣w1∣2= 1, while α0 is a
real-valued constant. This solution associated to the eigenvalue 0
is generally referred to as the Goldstone mode. Without loss of
generality, we define w1(t) as the first column vector in matrix
W(t), 0 as the first diagonal element in the matrix D and p1(t) as
the first row vector in the matrix P(t).

It now appears that each row of the matrix W(t) and each
column of the matrix P(t) have the same temporal dependence.
For example, the time dependence of any element in the first row
of W(t) is the same as the time dependence of W1,1, which is
exp �iNϑ½ � as shown in Eq. (28). Correspondingly, the time
dependence of any element in the first column of P(t) is the same
as the time dependence of P1,1, which is exp iNϑ½ �. Since P(t) is the
inverse of W(t), the relations between these vectors are given by:

pmðtÞ � wnðtÞ ¼
1 for m ¼ n

0 for m≠ n

�
: ð32Þ

Substituting Eqs. (29) and (30) into Eq. (24), the dynamical
flow can be linearly transformed into the new form

expð�iα0Þ
C

PðtÞw1ðtÞ _ϑþ δ _Φ ¼ D δΦþ ZðtÞ; ð33Þ

where we have introduced

δΦ ¼ PðtÞ δΨ

δΨ�

� �
¼

δϕ1ðtÞ
..
.

δϕð4Nþ2ÞðtÞ

2
664

3
775 ð34Þ

and

ZðtÞ ¼ PðtÞ VðtÞ
V�ðtÞ

� �
¼

z1ðtÞ
..
.

zð4Nþ2ÞðtÞ

2
664

3
775: ð35Þ

The correlation properties of these new stochastic variables can
be calculated as

Ξm;n ¼ z�mðtÞznðtÞ

 � ¼ 2κΛ2 ∑

4Nþ2

i¼1
P�

m;iPn;i

D E
: ð36Þ

Since all columns in the matrix P(t) have the same dependence
on time t, we can see that the quantity P�

m;iPn;i is invariant, i.e.

P�
m;iðtÞPn;iðtÞ ¼ Constant: ð37Þ

Eq. (33) describes a 4N+ 2-dimensional set of dynamical
equations in the diagonal space. The first one of these equations
can be written as

expð�iα0Þ
C

_ϑþ δ _ϕ1 ¼ z1ðtÞ; ð38Þ

which is a Wiener process, because the first element of the
diagonal matrix D is null. Since δϕ1 represents the weight of the
orbital deviation on the stationary solution orbit, we have to select

_ϑ ¼ C expðiα0Þz1ðtÞ and δ _ϕ1 ¼ 0; ð39Þ
and set the value of δϕ1 to 0. This means that although we initially
introduced 4N+ 3 variables (2N+ 1 orbital deviations E l , their
2N+ 1 conjugates, and global phase deviation ϑ), the total
number of degrees of freedom for this system is still 4N+ 2.

The other dynamical equations embedded in Eq. (33) describe
a set of (4N+ 1) Ornstein-Uhlenbeck processes driven by
additive Gaussian white noises. The correlation properties of
the linearly transformed modes are given by

Πm;n ¼ δϕ�mðtÞδϕnðtÞ

 � ¼ 0 ð40Þ

for the cases that m= 1 or n= 1, and

Πm;n ¼ δϕ�mðtÞδϕnðtÞ

 � ¼ � Ξm;n

D�
m;m þDn;n

ð41Þ

for any other cases, where Di;i is the ith diagonal element of the
matrix D.

The orbital deviation field δE lðtÞ can now be recovered from
δΦ via an inverse linear transformation, and the variance of this
fluctuation is given by

jδElðtÞj2

 � ¼ ∑

m;n
W�

lþNþ1;mW lþNþ1;nΠm;n: ð42Þ
The results of this orbital deviation analysis in solitons are

presented in Fig. 4a, b and display an excellent agreement with
numerical simulations.

Optical stochastic fluctuations of roll patterns. For roll patterns
of order L, the main steps of the previous analysis as developed
for solitons remain valid. Accounting for the fact that not all of
the sidemodes are excited, the modal fields of the roll pattern can
be written as

E lðtÞ ¼
E lð0Þ expðilϑðtÞÞ þ δElðtÞ for l ¼ nL

δElðtÞ for l ≠ nL

�
; ð43Þ

where n is an integer. After neglecting higher-order stochastic
terms, we obtain an equation analogous to Eq. (24), but now the
(4N+ 2)-dimensional Jacobian

JðtÞ ¼ RðtÞ SðtÞ
S�ðtÞ R�ðtÞ

� �
ð44Þ
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is defined with the complex-valued elements

Rl;pðtÞ ¼ �κþ i σ � ζ2
2
l2

� 
� �
δðp� lÞ

þ 2ivgγ ∑
m;n

δðmL� nLþ p� lÞ EmLð0ÞE�
nLð0Þ

´ exp iðl � pÞϑðtÞ� 	
;

ð45Þ

Sl;pðtÞ ¼ ivgγ ∑
m;n

δðmLþ nL� p� lÞ EmLð0ÞEnLð0Þ

´ exp iðl þ pÞϑðtÞ� 	
;

ð46Þ

which are determined by the deterministic (ideally noiseless)
stationary roll pattern.

Since only sidemodes l that are multiples of L are excited, Eqs.
(45) and (46) indicate that the Jacobian becomes block diagonal,
and we can reorder this Jacobian to make the qth block Jq
correspond to the Bloch modes with wavenumber q, namely
δEpL± q with p being an integer27. Without loss of generality, we
consider M excited modes on each side and the non-excited
adjacent modes, which includes the mode l when it fulfills the
condition− (ML+ L/2) < l ≤ ML+ L/2. If L is an odd number,
there are (L+ 1)/2 blocks in the Jacobian matrix, with the label q
being from 0 to (L− 1)/2. The Jacobian J0 is a matrix of order
2(2M+ 1), and the other blocks are matrices of order 4(2M+ 1).
If L is an even number, there are L/2+ 1 blocks in the Jacobian
matrix (from 0 to L/2), where J0 and JL/2 are matrices of order
2(2M+ 1), and the other blocks are matrices of order 4(2M+ 1).

We can now treat the equations associated with the various
blocks separately. Consequently, Eq. (21) can be rewritten under
the form of several noise-driven flows, in the form

δðqÞ X0

X0
�

� �
_ϑþ

δ _Ψq

δ _Ψ
�
q

" #
¼ Jq

δΨq

δΨ�
q

" #
þ

VqðtÞ
V�

qðtÞ

" #
: ð47Þ

From these equations, we can obtain vectors of order
2(2M+ 1) for the field and external noise fluctuations either for
the case q= 0 or for the case q= L/2 when L is even, in the form

δΨqðtÞ ¼
δE�ðMLþqÞðtÞ

..

.

δEMLþqðtÞ

2
664

3
775; ð48Þ

VqðtÞ ¼
ffiffiffiffiffi
2κ

p
Λ

v�ðMLþqÞðtÞ
..
.

vMLþqðtÞ

2
664

3
775: ð49Þ

For all the other cases, the 4(2M+ 1)-dimensional fluctuation
and noise vectors are explicitly expressed as

δΨqðtÞ ¼

δE�ðMLþqÞðtÞ
..
.

δEMLþqðtÞ
δE�ðML�qÞðtÞ

..

.

δEML�qðtÞ

2
666666666664

3
777777777775
; ð50Þ

VqðtÞ ¼
ffiffiffiffiffi
2κ

p
Λ

v�ðMLþqÞðtÞ
..
.

vMLþqðtÞ
v�ðML�qÞðtÞ

..

.

vML�qðtÞ

2
666666666664

3
777777777775
: ð51Þ

The Jacobian and all the blocks Jq(t) are diagonalizable. Hence,
they can be written as

JqðtÞ ¼ WqðtÞDq PqðtÞ; ð52Þ

where Dq is a constant diagonal matrix, while Wq(t) and Pq(t) are
time-dependent.

The real part of the eigenvalues for every block is always
negative, except for the one for the 0th block. We can see that 0 is
also one of the eigenvalues of J0, and the corresponding
eigenvector wð0Þ

1 can be written as the following vector of order
4M+ 2:

wð0Þ
1 ¼ C

X0ðtÞ
X�

0ðtÞ

� �
expðiα0Þ; ð53Þ

where

X0ðtÞ ¼

�iMLE�MLð0Þ exp �iMLϑ½ �
�iðM � 1ÞLE�ðM�1ÞLð0Þ exp �iðM � 1ÞLϑ½ �

..

.

�iLE�Lð0Þ exp �iLϑ½ �
0

iLELð0Þ exp iLϑ½ �
..
.

iðM � 1ÞLEðM�1ÞLð0Þ exp iðM � 1ÞLϑ½ �
iMLEN ð0Þ exp iMLϑ½ �

2
6666666666666666664

3
7777777777777777775

ð54Þ

Fig. 4 Variance of orbital deviation of the intra-cavity field. The figure shows the results of a bright soliton (Comb 1), b dark soliton (Comb 2), c roll
pattern of order L= 1 (Comb 3), and d roll pattern of order L= 4 (Comb 4) displayed in Fig. 2 as a function of the sidemode order l, respectively. The thick
gray curves correspond to analytical results obtained from Eqs. (42), (66), and (67), while the thin red curves result from the simulations of Eq. (1). One
can note the excellent agreement between analytical and numerical results.
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is defined in a similarly way as Eq. (28), while

C ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2∑M

m¼�Mm
2L2jEmLð0Þj2

q ð55Þ

is the normalization factor with α0 being a real-valued constant
phase. We still assume that wð0Þ

1 is the first column vector in the
matrix W0, where W0 is the inverse of P0. The first diagonal
element in matrix D0 is null, and the first row vector in matrix P0

is pð0Þ1 .
We can now process each block in the same way as in the

previous subsection. In the diagonal space, the 0th flow is linearly
transformed into

expð�iα0Þ
C

P0ðtÞwð0Þ
1 ðtÞ _ϑþ δ _Φ0 ¼ D0 δΦ0 þ Z0ðtÞ; ð56Þ

and the other flows (q= 1, 2,...) are transformed into

δ _Φq ¼ Dq δΦq þ ZqðtÞ; ð57Þ
with

δΦq ¼ PqðtÞ
δΨq

δΨ�
q

" #
¼

δϕq;1ðtÞ
δϕq;2ðtÞ

..

.

2
664

3
775; ð58Þ

and

ZqðtÞ ¼ Pq

VqðtÞ
V�

qðtÞ

" #
¼

zq;1ðtÞ
zq;2ðtÞ

..

.

2
664

3
775: ð59Þ

In order to make orbital deviations orthogonal to the orbit of
the stationary solution, the first dynamical equation in Eq. (56)
leads to

_ϑ ¼ C expðiα0Þz0;1ðtÞ ð60Þ
and

δϕ0;1 ¼ 0: ð61Þ
The correlation properties of the linearly transformed stochas-

tic variables in Zq(t) are:

ΞðqÞ
m;n ¼ hz�q;mðtÞzq;nðtÞi ¼ 2κΛ2 ∑

i
PðqÞ�

m;i PðqÞ
n;i

D E
; ð62Þ

with

PðqÞ�
m;i ðtÞPðqÞ

n;i ðtÞ ¼ PðqÞ�
m;i ð0ÞPðqÞ

n;i ð0Þ: ð63Þ
As a consequence, the correlation properties of the linearly

transformed modes are obtained as

Πð0Þ
m;n ¼ hδϕ�q;mðtÞδϕq;nðtÞi ¼ 0 ð64Þ

for the cases that m= 1 or n= 1, and as

ΠðqÞ
m;n ¼ hδϕ�q;mðtÞδϕq;nðtÞi ¼ � ΞðqÞ

m;n

DðqÞ�
m;m þDðqÞ

n;n

ð65Þ

for the other cases, where DðqÞ
i;i is the ith diagonal element of Dq.

Since the eigenvalue 0 only belongs to the 0th block, the
Goldstone mode only influences the correlation properties of
modes dominated by J0, which are the excited sidemodes in the
stationary solution. Although the global phase deviation ϑ(t) also
affects all the other block matrices, it does not affect the value of
the correlations.

After recovering δE lðtÞ from δΦ via an inverse linear
transformation, we get the average variance of the optical field

fluctuations as

hjδEkLþqðtÞj2i ¼ ∑
m;n

WðqÞ�
kþMþ1;mWðqÞ

kþMþ1;nΠ
ðqÞ
m;n ð66Þ

for the (kL+q)th mode, and

hjδEkL�qðtÞj2i ¼ ∑
m;n

WðqÞ�
kþ3Mþ2;mWðqÞ

kþ3Mþ2;nΠ
ðqÞ
m;n ð67Þ

for the (kL−q)th mode. Equation (67) only works for the case
where q is a positive integer smaller than L/2, while Eq. (66) also
works for the case with q= 0 or q= L/2. The results of this orbital
deviation analysis for roll patterns are presented in Fig. 4c, d.

Pattern drift and deformation contribution to optical power
spectra. The applications of Kerr optical frequency combs are
essentially related to their metrological performance. The spectral
purity of the comb and of the microwaves that can be generated
with them is generally evaluated in terms of phase noise spectra.
If we assume that the stationary output signal is
Eout;lð0Þ ¼ jEout;lð0Þj expðiψs;lÞ, the effect of the additive Gaussian
white noise is that the instantaneous output optical field exiting
the resonator now becomes Eout;lðtÞ ¼ ðjEout;lð0Þj þ
δEout;lðtÞÞ exp½iðψs;lþ δψlðtÞÞ�, where δEout,l(t) is the real-valued
deviation from the initial stationary amplitude and δψl(t) is the
deviation from the initial stationary phase. The deviation δψl(t) is
therefore defined as the phase noise and its spectrum is referred
to as the phase noise spectrum. We hereafter show that the overall
optical phase noise is the sum of two contributions: The first one
originates from slow pattern drift and is dominant at low-
frequency offset from the carrier; the second one is induced by
fast pattern deformation and is dominant at high-frequency offset
from the carrier.

We first determine the optical phase noise contribution due to
pattern drift, also referred to as global phase deviation. From the
previous discussion and calculations, we know this global phase
deviation originates from the Goldstone mode with eigenvalue 0.
This mode induces a free azimuthal motion for the pattern and,
as shown in Eq. (39), the dynamics of the global phase deviation
of the soliton is governed by

_ϑ ¼ C expðiα0Þ p1 � VðtÞ: ð68Þ
This equation is a Wiener process, which here corresponds to a

Brownian motion for the phase of the pattern. It is known that in
that case the spectrum of the global phase deviation is expressed
as28

SϑðωÞ ¼
C2Ξ1;1

ω2
: ð69Þ

On the other hand, the phase spectrum of the mode l in the
comb is expressed as

LE;l ¼ l2SϑðωÞ ¼
l2C2Ξ1;1

ω2
; ð70Þ

while the corresponding power spectral density of the output field
Eout;l is

SE;lðωÞ ¼
l2C2Ξ1;1jEout;lð0Þj2
l4C4Ξ2

1;1=4þ ω2
: ð71Þ

When the additive noise is very small, the phase noise
spectrum is related to the power spectra by

LE;l ’
SE;lðωÞ

jEout;lð0Þj2
ð72Þ

except when the offset frequency is too close to the carrier.
Meanwhile, since both spectra have very large values near the
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carrier frequency, they are expected to be accurate at low offset
frequencies. While the effect of Goldstone mode is limited to the
fluctuations dominated by the 0th block of the Jacobian for roll
patterns, the solutions are exactly the same as the one previously
obtained after replacing Ξ1,1 with Ξð0Þ

1;1.
We now focus on the optical phase noise contribution due to

pattern deformation induced by the sidemode fluctuations.
Although the optical phase noise can be obtained from Eq. (21)
numerically, we aim at deriving an analytical formula by only
accounting for the interaction terms between mode l and 0, while
neglecting the remaining ones. We therefore assume that the
dynamical equations are

δ _El ¼ �κþ i σ � ζ2
2
l2 þ 2vgγ jE0ð0Þj2

� 
� �
δEl

þ
ffiffiffiffiffi
2κ

p
Λ vlðtÞ:

ð73Þ

This approximation is valid because jE0ð0Þj � jE lð0Þj for l ≠ 0,
and therefore dominates the entire high-frequency spectrum.
This approximation also indirectly assumes that the modal
fluctuations are independent of each other, i.e., uncorrelated.

We can write the lth non-zero stationary output field as
Eout;lð0Þ ¼ jEout;lð0Þj expðiψs;lÞ and the corresponding fluctuation
as δEout;lðtÞ ¼ jδEout;lðtÞj expðiψf ;lðtÞÞ. As a consequence, the
optical phase noise contribution due to pattern deformation at
time t can be approximately written as the projection of δEout;lðtÞ
in the vertical direction of Eout;lð0Þ, in the form

ψlðtÞ ’
jδEout;lðtÞj
jEout;lð0Þj

sinðψf ;l � ψs;lÞ: ð74Þ

The Fourier transform of the projection jδEout;lðtÞj sinðψf ;l �
ψs;lÞ can now be solved analytically, and we can obtain the
spectrum of ψl, in the form

LE;l ¼
2κtκTRΛ

2

jEout;lð0Þj2
κ2 þ η2l þ ω2

ðκ2 þ η2l � ω2Þ2 þ 4κ2ω2
: ð75Þ

The corresponding power spectral density of the field Eout;l
may be derived from Eq. (73) as

SE;lðωÞ ¼
4κtκTRΛ

2

κ2 þ ðω� ηlÞ2
: ð76Þ

One can note that there is a term of jEout;lð0Þj2δðωÞ because of the
direct current part of Eout;lðtÞ. Although most of the additive noise
drives the orbital deviation, we know that the pattern drift noise is
large at low-frequency offset and this model is only intended to be
valid for high-frequency offset. Therefore, this zero-frequency
term is omitted in the above equation. This approach is valid for
both soliton and roll patterns.

Figure 5 displays the excellent agreement between our
analytical predictions and the numerical simulations. It can be
seen that for small frequency offsets, the numerical simulations
agree well with the pattern drift contribution of phase noise.
Conversely, for large frequency offsets, the numerical simulations
agree instead with the pattern deformation contribution of phase
noise. The pattern drift sidemode spectra in Eq. (71) depends on
the sidemode amplitude, while the pattern deformation sidemode
spectra in Eq. (76) does not. As a consequence, there is a notable
difference when we compare the spectra for different sidemodes
of the roll pattern. However, for solitons, the amplitude of the
sidemode decreases slower with the increase of ∣l∣, so that the
change is not so large.

Pattern drift and deformation contribution to microwave
phase noise. Microwave generation using Kerr combs is obtained

via a process of photodetection. The spectral purity of these
microwaves is generally evaluated in terms of phase noise
spectra12,29–32. For the sake of simplicity, we here consider an
ideal photodetector, so that the noise properties of the generated
microwave can be solely attributed to the comb. The photo-
detector extracts the power envelope of the output field and
generates a radio-frequency signal that is proportional to the
incoming optical power following VPDðtÞ ¼ SjEoutj2 (in units of
Volts), where S is the responsivity of the photodetector (in units
of VW−1), while

Eout ¼ ∑
l
Eout;l exp ilΩRt

� �
: ð77Þ

This signal can be Fourier-expanded in the form

VPDðtÞ ¼
1
2
M0 þ ∑

þ1

n¼1

1
2
Mn expðinΩRtÞ þ c:c:

� �
; ð78Þ

where the spectral components

Mn ¼ 2S∑
m
E�
out;mEout;mþn ð79Þ

are the complex-valued envelopes of the microwave harmonics of
frequency n ×ΩR, and c.c. stands for the complex conjugate33,34.

We can now evaluate the effect of pattern drift on microwave
phase noise. The slowly varying envelope of the microwave
spectral component of frequency nΩR in a noiseless situation can
be written as Mnð0Þ ¼ 2S∑lEout;lþnð0ÞE�

out;lð0Þ with

Eout;lð0Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
2κtTR

p Elð0Þ �
ffiffiffiffiffi
PL

p
δðlÞ. Pattern drift induced by

global phase deviation modifies the slowly varying envelope of
the nth microwave component as

Mn ¼ Mnð0Þ exp inϑðtÞ½ �: ð80Þ

For solitons, n could be any positive integer and the spectrum
of the microwave phase noise is

LM;nðωÞ ¼ n2SϑðωÞ ¼
n2C2Ξ1;1

ω2
; ð81Þ

while the corresponding power spectrum is

SM;nðωÞ ¼
n2C2Ξ1;1jMnð0Þj2
l4C4Ξ2

1;1=4þ ω2
ð82Þ

’ Mnð0Þ
�� ��2LM;nðωÞ: ð83Þ

For roll patterns, n must be a positive multiple of L and the
formulas for the drift-induced microwave spectrum are the same,
except that Ξ1,1 is replaced by Ξð0Þ

1;1.
With respect to the effect of pattern deformation on microwave

phase noise, one can first note that the effect of modal
fluctuations on the slowly varying envelope of the microwave
spectral component of frequency nΩR is expressed as

Mn ¼ 2S∑
l
Eout;lþnE�

out;l ð84Þ

’ 2S∑
l
Eout;lþnð0ÞδE�

out;l þ δEout;lþnE�
out;lð0Þ

h i
þMnð0Þ:

ð85Þ

Using the formula for optical phase noise spectra as derived in
Eq. (75), we obtain the following formula for the microwave
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phase noise spectrum:

LM;nðωÞ ¼
8κtκTRΛ

2S2

jMnj2
´ ∑

l
½jEout;lþnð0Þj2 þ jEout;l�nð0Þj2�

´
ðκþ η2l þ ω2Þ

ðκ2 þ η2l � ω2Þ2 þ 4κ2ω2
:

ð86Þ

while the corresponding power spectrum is given by

SM;nðωÞ ¼ 16κtκTRΛ
2S2 ´ ∑

l

jEout;lþnð0Þj2
κ2 þ ðωþ ηlÞ2

þ jEout;l�nð0Þj2
κ2 þ ðω� ηlÞ2

" #
:

ð87Þ
The term of jMnð0Þj2δðωÞ is omitted in the above equation

because this model is intended to describe high-frequency
fluctuations. Here again, these equations are valid for both
solitons and roll patterns. For solitons, n could be any
positive integer, while for roll patterns, n must be a positive
multiple of L.

The solution of the simulation and analytical results for the
generated microwaves are shown in Fig. 6. It can be seen that
the pattern drift spectra are always very accurate at low offset
frequencies because the global phase deviation dominates in
that frequency range. On the other hand, the numerical
simulations converge to pattern deformation spectra at high

frequencies because it is the range corresponding to the fast
field fluctuations. The pattern deformation spectra model
predicts the potential existence of one or several peaks near
the frequency of overall detuning ηl while the pattern drift
spectra do not have any. Similarly to Fig. 5, by comparing phase
noise spectra for different microwave components in the same
comb, we can see the difference is larger in roll patterns.

Finally, we note that there is a point around or below the half-
linewidth of the resonator κ where the transition between the drift
and deformation spectra occurs. This transition should be set at
the frequency at which the spectral lines predicted by the two
models intersect. From our simulation, we find that this transition
frequency is ~1MHz for roll patterns, while for bright and dark
solitons, the transition frequency can be much lower, down to the
10 kHz frequency range.

Conclusion
In this communication, we have investigated the phase noise of
microwaves generated with Kerr optical frequency combs dri-
ven by additive Gaussian noise. We have used a theoretical
approach based on stochastic coupled mode equations to
determine phase noise spectra in the optical and microwave
domains. Our analysis has shown that there are two dominant
contributions to the phase noise spectra. The first one is pattern
drift, which corresponds to the slow Brownian motion of the
patterns in the azimuthal direction and it is dominant at low

Fig. 5 Sidemode spectra of the output optical field. a–d Spectra of excited sidemodes that are closest to the right of the center mode. e–h Spectra of
excited sidemodes that are fourth closest to the right of the center mode. The figure corresponds to Combs 1 to 4 displayed in Fig. 2. The blue lines
correspond to the noise contribution of pattern drift [the computation of Eq. (71)]. The green lines correspond to the noise contribution of pattern
deformation [the computation of Eq. (76)]. The red lines correspond to the spectra obtained after the numerical simulation of the stochastic modal
equations. These simulations clearly indicate that pattern drift noise dominates the spectra for low offset frequencies, while pattern deformation noise
dominates the spectra for high offset frequencies.

Fig. 6 Phase noise spectra of the microwaves. a–d Phase noise spectra of the microwaves with the lowest frequency. e–h Phase noise spectra of the
microwaves with the fourth lowest frequency. The figure corresponds to the results obtained via photodetection of Combs 1 to 4 displayed in Fig. 2. The
simulation results (redline) are obtained from the simulation of Eq. (1). The blue lines correspond to pattern drift noise [the computation of Eq. (81)] while
the green lines correspond to pattern deformation noise [the computation of Eq. (86)]. The numerical simulations show that, as in the case of optical noise,
pattern drift noise dominates the spectra for low offset frequencies, while pattern deformation noise dominates the spectra for high offset frequencies.
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offset frequencies. The second contribution is pattern defor-
mation, associated with the fast stochastic changes in the shape
of the intracavity patterns. The transition between both con-
tributions occurs around or below the resonance linewidth
frequency.

Our emphasis here has been on whispering-gallery mode
resonators with high quality factors. However, a similar analysis
will apply to any resonator whose dynamics is governed by the
coupled mode equations or the Lugiato-Lefever equation and in
which the noise bandwidth can be considered white over the
linewidth of the resonator modes. Relatively little work has been
done on non-white noise sources in systems that are governed by
the nonlinear Schrödinger equation at the lowest order, including
systems that are governed by the coupled mode equations or the
Lugiato-Lefever equation. Non-white noise sources are important
in microresonators, and this subject is an important topic for
future research. Future work will also address the effects of
photodetector noise, optical multiplicative noise, and be on
mapping the phenomenological noise amplitudes to known
intracavity fluctuations, such as thermal expansion or
thermorefractive noise.

Methods
Numerical simulations are performed by integrating the stochastic coupled-mode
equations in Eq. (1) using the fourth-order Runge-Kutta method in MATLAB. The
numerical calculations of the nonlinear terms are optimized by the fast Fourier
transform algorithm shown in ref. 35. We first compute the stationary solution
without noise, and then add Gaussian white noise terms to the simulation of the
dynamics. The global phase deviation ϑ(t) is tracked in the calculation by numerical
integration of Eq. (68), while the phase noise is derived by calculating the difference
between the phase of the output signal and the phase of the initial stationary
solution. The phase noise spectra are simulated with a Hanning window
HwðtÞ ¼

ffiffiffiffiffiffiffi
8=3

p
sin2 πt=T

� �
, where T is the temporal width of the window28.
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