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Soliton synchronization in microresonators with a modulated pump
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Microresonator frequency comb generation from Kerr solitons has become a cutting edge technology, but
challenges remain in creating, maintaining, and controlling the solitons. Pump modulation and dual pumping are
promising techniques for meeting these challenges. Here we derive the equation of motion of solitons interacting
with a modulated pump in the framework of synchronization theory. It implies that the soliton repetition rate
locks to the modulation frequency whenever the latter is within a locking range of frequencies around an
integer multiple of the free spectral range of the microresonator. We calculate explicitly, numerically, and in
perturbation theory the width of the locking range as a function of the amplitude and frequency of the pump and
the modulation phase. We show that a highly red-detuned, strong pump that is amplitude-modulated provides
the best conditions for entrainment, and that the width of the locking range is proportional to the square of the
modulation frequency, limiting the effectiveness of RF modulation as an entrainment method.
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I. INTRODUCTION

Generation of frequency combs from dissipative solitons
in Kerr microresonators is an important technology with nu-
merous applications [1-3]. A standard method for obtaining
microresonator solitons is to pump the microresonator with a
single continuous wave (CW) near a resonance, and reduce
(red detune) the pump frequency. The optical field in the
microresonator then loses stability, becomes time dependent
and chaotic, before finally settling into a soliton waveform [4].
This approach suffers from serious drawbacks, including ther-
mal instabilities [5] and nondeterministic operation.

One way to facilitate the generation of solitons is to
modulate the pump periodically, breaking the inherent time-
translation symmetry. Several variations of this idea have been
studied: The pump can be modulated electrooptically, creating
spectral sidebands around the main pump line [6-11]; it can
be coherently mixed with a second pump, creating a periodic
beat pattern [12], an effect that has been used to synthesize
soliton crystals [13]. Alternatively, the pump can be combined
with pulses from an external source [14—16], an approach that
is also suitable for other types of Kerr resonators [17-20].

The pump modulation protocols excite soliton waveforms
by a resonant process that becomes effective when the mod-
ulation frequency is close to a rational multiple of the free
spectral range. The repetition rate of the soliton waveform is
then entrained to the pump modulation frequency; it is a man-
ifestation of the synchronization phenomenon of nonlinear
dynamics wherein the frequencies of coupled self-sustained
oscillators are locked in a rational proportion [21]. Since the
entrainment is stable in a finite interval of detunings, the pump
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modulation frequency can be used as a knob to tune the soliton
repetition rate as long as synchronization is maintained. A
similar synchronization mechanism can be used to lock the
frequencies of two solitons that are counter-propagating in the
same cavity [22,23] or in two coupled cavities [24,25].

When the pump modulation is shallow, the soliton shape
is only slightly distorted, and the modulation couples to the
soliton repetition rate mainly through the zero mode of its
stability spectrum associated with translation symmetry [26].
This is the universal mechanism of interaction of localized
coherent structures, such as kinks, pulses, and vortices with
external fields that are not strong enough to strongly deform
them. The coupling to the translational zero mode has been ex-
tensively used to study the effective force external fields exert
on dissipative solitons and other localized coherent structure,
see, e.g., [27-31].

In this paper, we calculate the effective soliton motion
imposed by pump modulation, and use it to determine how far
the repetition rate of the entrained soliton can be pulled away
from the free soliton repetition rate. In other words, what is
the range of modulation frequencies that can lock the soliton
repetition rate?

This question is fundamental in the theory of synchro-
nization of self-sustained oscillators [21]. It follows from this
theory that the range of frequencies where entrainment occurs
is determined by a locking dynamical system that governs the
time evolution of the phases of the coupled oscillators. The
entrained steady states appear as fixed points of the locking
dynamical system, and the locking range consists of the pa-
rameter values for which there are stable entrainment fixed
points.

Here we focus on the entrainment of a Kerr soliton by a
sinusoidally modulated pump. Our first main result, derived
in Sec. II, is the equation of motion of the pulse center in
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the frame where the pump field is stationary, which turns out
to be an Adler equation [21]. As usual in the entrainment of
pulses [18,32], the locking amplitude is equal to the projection
of the pump modulation signal on the adjoint zero mode asso-
ciated with translation symmetry spontaneously broken by the
Kerr soliton, which is directly proportional to the modulation
depth.

In Sec. III we calculate explicitly the locking range using
two methods. In Sec. III A, the soliton and the associated
adjoint zero mode are calculated numerically for the values of
pump amplitude and detuning supporting soliton steady states,
and use them to calculate the locking range for amplitude- and
phase-modulated pumps. We next calculate, for each choice
of pump parameters, the optimal modulation phase which
maximizes the width of the locking range, and the maximal
width, concluding that the conditions that facilitate entrain-
ment are obtained for a strong pump that is highly detuned
and amplitude modulated.

In Sec. IIIB we focus on the case of the highly detuned
pump, and study it in perturbation theory. We show that the
locking range width increases without bound as the pump
is further red detuned; however, exciting solitons and main-
taining them becomes increasingly harder in this limit, where
an increasingly strong pump is needed, and the conversion
efficiency is low.

The entrainment of microresonator solitons by an RF-
modulated pump was studied experimentally in [10], reveal-
ing a locking range of about 1 KHz or less that is very narrow
compared with the free spectral range of more than 13 GHz.
In Sec. IV we conclude that the fragility of entrainment is an
inherent limitation of this locking mechanism, tied to the large
separation of scales between the soliton bandwidth and the RF
scale, and suggest more robust entrainment methods.

II. SYNCHRONIZATION TO A MODULATED PUMP

A. The wave equation

Our dynamical model for the cavity field ¥ is based on the
standard Lugiato-Lefever equation (LLE) with second-order
dispersion

0 ) 02
a—f = —<5 +i )w + ?ﬂa_f +ivly Py + £ (D)
where, [, @, B, ¥, and f are, respectively, the linear loss
rate, pump detuning, second-order dispersion coefficient, Kerr
coefficient, and pump amplitude; O < x < L is the azimuthal
position along the resonator with periodic boundary condition,
and ¢ is time.

We assume that the pump is sinusoidically modulated with
frequency vy, and therefore let [7]

f= f0<1 + g€ cos (ZZ—nx —2m(vy — nvFSR)t>>, 2)

where the constant fj is the mean pump amplitude, ¢ > 0 is
the modulation depth, assumed small, and 6 the modulation
phase, with 6 = 0 corresponding to amplitude modulation
(AM), and 6 = 7 /2 corresponding to phase modulation (PM).
We assume that vy, is close to an integer multiple, n, of

the free spectral range, vgsg, so that the detuning is small:
lvm — nvesr| < VEsR-
We next make (1) dimensionless by choosing natural units

1/Qa), /B/QRa), and /2a/y of time, position, and ampli-

tude, respectively, obtaining

W =Ny + &M, 3)
2
Y
( ) L )
M= —Ehe’e cos(b(x — vt)), 3)

with § = 1/(4a), h = i\/y/QRa?) fy, b= 2w /B/2a n/L, and
bv = 27 (vyy — nvpsr)/(2a). The choice of a dimensionless
form with a normalized detuning coefficient in Eq. (4) (instead
of the more common normalized loss) facilitates calculations
with large detunings, where § is small.

When there is no modulation, i.e., when ¢ = 0, the LLE (3)
has stable stationary pulse solutions ,(x) for suitable values
of the parameters, which correspond to a Kerr soliton propa-
gating with group velocity vgsrL in the microresonator [33].
When the modulation is turned on and v is nonzero, there is
a mismatch between the modulation frequency and the group
velocity of the free soliton. Synchronization theory implies
that there is a range of values of v where the soliton is en-
trained by the modulation and travels at velocity vy L/n [21].
When v is outside this range, Eq. (3) has no stationary so-
lutions, and the output waveform is quasiperiodic. Our goal
is to calculate the locking range of v for which the soliton is
entrained.

B. The role of translation symmetry

Entrainment of solitons is facilitated by the symmetry un-
der translation of the unmodulated LLE, which implies that
when V(x) is a stationary solution of this equation, so is
Ye(x — &) for any real &£. The pump modulation couples with
the translational degree of freedom of the pulse via the zero
mode in the stability spectrum of the pulse associated with
translation symmetry, as we explain next [26].

Stability of solutions of the LLE is conveniently ad-
dressed in a doubled phase space of a vector-valued field

= (¥, ¥*), where * stands for complex conjugation, which
satisfies the equation

oW
EzN\IJ—i—e.M, (6)

where
N¥ =Ny, NY)*), M=

The operator governing the linear stability of the LLE soliton
is

(M, M™). N

c=@l = (g 1), ®

i 32 Do
A = (3yN)ly, =—(8+§>+§ﬁ+21|w , 9
B= (8WN)|% =iy, (10)
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and the translation symmetry implies that N W (x — &) =0
for all &, so that

ay,
dx’

d

0= g/\f‘l/s(x —&)lg=0 = LV,
W, is the translational zero mode.

The soliton position £ becomes time dependent when the
pump is modulated, i.e., when ¢ > 0, and the next step is to
find the equation of motion that governs the dynamics of & (¢).
In addition to shifting the pulse position, the pump modulation
distorts its shape, so that we write the solution of (6) in the
form

W(x, 1) = Wy(x — &) + eWy(x — £(1), 1) + O(e?).  (12)

Under the assumption of weak modulation, the soliton dis-
tortion eW; is small; nevertheless, its presence means that
without additional specification &(¢) is not precisely defined,
since it can be slightly changed, keeping the same W in (12),
with the help of a suitable change in ¥;. We eliminate this am-
biguity by imposing the condition that the expansion of ¥; in
eigenfunctions of £ has no component along the eigenvector
W;. This condition can be imposed by requiring that

(Wg, ¥p) =0, (13)

W = — (11)

where the inner product is

1 o0
<@D<m»:§/(ﬁ%+ﬁ%mg (14)

and W = (¢, ) is the zero mode of the adjoint of L' of £
associated with W,

. A* B
T _ T
LT =0, L= (B* A), (15)
normalized such that
(\TJS, W) = 1. (16)

Substituting Eq. (12) in Eq. (6), and neglecting terms of
order O(&?) leads to
d§ dw,
Vy— +e—— =LY +eM. 17
s + 7 1+ (17)
Projecting this equation on W, and using (15) then yields the
equation of motion for the pulse position

d B}
3§=HW@WW (18)

C. The locking dynamics

The right-hand side of Eq. (18) depends explicitly on time,
but we can write an autonomous equation of motion for the
soliton position in the frame where the modulation is station-
ary,y =§ —vt,

dy 1 i0 <o
= —v+ —slm<he / ¥ (z) cos[b(z +y)]dz>; (19)
dt 2 o
a stationary solution of this equation corresponds to an
entrained-soliton steady-state waveform.
Since ¥ is odd, we can rewrite Eq. (19) in the form
dy

= + W sin(by), (20)

where
W = —%elm (heie /40 l[_fg(Z) sin(bz)dz). 1)

Equation (20) is a form of the Adler equation of synchro-
nization theory [21], exhibiting a sharp threshold: When |v| <
|W |, the soliton becomes entrained and y tends to the limiting
value (7 — arcsin(v/W))/b for positive W or arcsin(v/W))/b
for negative W, whereas when |v| > |W|, |y| grows in time
without limit, and the waveform evolution is quasiperiodic.
Hence, the width of the locking range of modulation frequen-
cies in which entrainment is possible is equal to 2|W|, and the
sign of W determines whether the pulse leads or trails the peak
of the modulation. It follows directly from Eq. (21) that the
width of the locking range is proportional to the modulation
depth.

Next we note that the normalized modulation wave number
b is comparable with the ratio of the pulse duration and the
modulation period, which is small in typical microresonator
experiments. The zero-mode V¢ is localized and decays to
zero on an order-one scale of the normalized units, so that b <
1, implying that Eq. (21) can be simplified by approximating
the sine by its behavior for small argument sin(bz) ~ bz. It
follows that

(o]

W = —%eblm(e"ew), w=h / Wiz (22)

This expression displays explicitly the dependence of the
locking range semiwidth W on the modulation parameters,
g, b, and 6, making it possible to focus our attention on the
normalized width w that depends only on the cavity and pump
parameters § and /.

Equation (22) implies that for fixed pump parameters, the
modulation depth W is O(b) for b <« 1. Recall (Sec. ITA)
that the detuning between the modulation frequency and the
nth harmonic of the FSR is directly proportional to b and the
disparity parameter v. Hence, the frequency locking range is
O(b?), i.e., much smaller than the free spectral range.

III. CALCULATION OF THE LOCKING RANGE

As shown above, Eq. (22), the locking range depends on
the soliton waveform only through the normalized width w
that is a complex-valued function of the parameters 8, 4. It can
be expressed as w = —wpy + iwam, Where the real normal-
ized widths wpy, wam, are proportional to the signed semi-
width W with phase-modulated and amplitude-modulated
pump, respectively. Expressing the polar representation of the
normalized width as w = wqp €Xp(—i(7 /2 + Oopt)), Oopt 1 the
modulation phase that maximizes W, and wqyp is proportional
to the maxg (W) that is obtained if 6 is chosen as the modu-
lation phase.

A. Numerical calculation

We approach the calculation of the normalized width using
two methods. In this subsection we present the results of the
numerical approach. The calculation consists of three steps.
(1) The unmodulated-pump operator N of the LLE defined
in Eq. (4) is discretized using finite differences, yielding a
set of nonlinear functions; using a root finding algorithm, we
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FIG. 1. A numerically calculated stable soliton solution of the
unmodulated LLE with normalized loss parameter § = 0.05, and an
unmodulated pump amplitude & = (45/7)(1 + §).

calculate a discretized version of the LLE soliton. (ii)) We
calculate the linear stability matrix of the discretized operator,
obtaining a discretized version of the LLE stability operator
L; then we calculate the eigenvalues, checking the soliton
stability, and obtain a discretized version of the adjoint zero
mode, normalized according to Eq. (16). (iii) We calculate the
integral in Eq. (22) using numerical quadrature. Examples of
intermediate results obtained in steps (i) and (ii) are shown in
Figs. 1 and 2, respectively.

We next note that like the standard LLE, the modulated-
pump LLE is symmetric under a combined phase shift of the
field and pump. That is, if ¥ (x,7) is a solution of Eq. (3)
with pump amplitude A, then ey (x,t) is a solution with
pump amplitude e?h, for any real phase shift ¢. It follows
that the locking range depends only on the modulus of 4, so
that without loss of generality we can choose the pump phase
such that h = h, 4+ (4§/m)i, h, > 0, a choice that guarantees
the existence of stable solitons for small §, |k| [33], and is
convenient for comparing the numerical and perturbative cal-
culations of the locking range.

The results of the calculation of the width are shown in
Fig. 3. The shaded regions correspond to the §, . combina-
tions for which there exist a soliton solution. For § < 0.16
the LL soliton becomes unstable through a Hopf bifurcation
when £, surpasses some positive threshold [33]. The locking
range calculation is well defined for the unstable solitons, and
is arguably applicable to experiments where the solitons are
stabilized by the pump modulation. We display the results in
the unstable region in Fig. 3 using lighter shades to distinguish
it from the stable region.

Some interesting qualitative conclusions can be drawn
from the numerical results. The most striking feature is the
broadening of the locking range for small §, where wop ~ 9
for § = 0.01, &; near the Hopf stability boundary, and reaches
values larger than 30 for Hopf unstable solitons. The pertur-
bative analysis of the next section suggests that wep grows

i Spectrum of the (discretized) linearized LL operator

0.5} :
Zero mode
=
g 0 M *
-0.5+ i
1 . . L . .
-0.12 0.1 -0.08 -0.06 -0.04 -0.02 0 0.02

Re())

Adjoint zero-mode of the linearized LL operator

FIG. 2. Top: Part of the spectrum of the discretized LLE soliton
stability operator. There is one zero eigenvalue, corresponding to W,
the translation mode. Bottom: The numerically calculated adjoint
zero-mode eigenfunction ¥;. Pump parameters as in Fig. 1.

linearly with detuning (i.e., as 1/§) for highly detuned pump
with constant 4,

Wide locking ranges can be achieved for AM pump with
wam significantly larger than one, while wpy is close to two
for all soliton pump parameters. On the other hand, wam
depends strongly on §, A4,, and changes sign on a curve in the
middle of the soliton stability region, shown in dashed gray
in the top right panel of Fig. 3. Moderately large values of
Wopt A 5 are also obtained for large 6 and small A, solitons.

B. Perturbative calculation for large detuning

In this section we calculate w in the limit
§—>0, h=((k+i4s/n (23)

with k fixed. In this limit, the LLE (3) approaches the non-
linear Schrodinger equation (NLSE). However, since the limit
is singular, one cannot simply calculate the locking range on
the basis of the NLS soliton Wy and its zero-eignevalue sta-
bility modes. Indeed, unlike the LLE, the subspace associated
with the zero eigenvalue of the NLSE stability operator Lo
is four-dimensional, the direct sum of a subspace spanned by
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FIG. 3. Normalized locking range for solitons of the LLE with normalized loss é and pump amplitide %, + (46/7 )i. Soliton solutions of
the unmodulated-pump LLE exist in the colored region of each panel. The solutions are stable in the heavily shaded regions and are subject to
breathing instability in the light shaded regions. From left to right, top to bottom, the panels show wpn, Wam, Wopt, and Oy /7. wam = O along
the dashed curve in the top-right panel. The right-most color (shade) bar in each panel corresponds to the stable region, while the bar to its left
corresponds to the unstable region. In both the top-right and bottom-right panels (showing wam and 6, /7, respectively), positive values are
obtained for small § (left parts of the figure) and negative values are obtained for large § (right parts).

an even eigenfunction and an even generalized eigenfunction,
and a subspace spanned by an odd eigenfunction and an odd
generalized eigenfunction [34]. The adjoint NLSE stability
operator has corresponding (generalized) eigenfunctions with
corresponding parity symmetries.

The singular perturbation theory of the LLE soliton di-
rect and adjoint stability problems is elaborate, and in this
section we use the results that are necessary for our present
purpose, deferring a complete presentation to a forthcoming
publication. In the limit given by Eq. (23) ¥ ~ V50 + 8¥5.1,
V5.0(x) = sech(x), and the linear stability operator £ ~ Lo +

6»617 Wlth
_ A() BO
Lo = (B;; Ag)’ @9
i i . 2 U2
AO = —E + 5@ + 21|1ﬂs,0| 5 BO = ”/fs,o’ (25)
and
_ A1 Bl
L = (BT 5 T), 26)

Ay = 4iRe(Yio¥s1), B =2iYs 0¥ 27)

To leading order, the LLE translational zero mode and its
adjoint are in the odd NLSE zero subspaces. The odd zero
subspace of Ly is spanned by

Ve o = (Ye0, V7o)

and

Y o(x) = sech(x) tanh(x)  (28)
Vo= (Yro, ¥io)s  VYrolx) =ixsech(x),  (29)
which satisfy

LoWeo =0, LoWro= ¥y, (30)

and the odd zero subspace of ES is spanned by

e o= (Ye0, ¥ig)  Veo = —ivio (31

and

Wio = W0, ¥io)s ko = iV (32)
satisfying

LiWo=0, LiW:o=Typ. (33)

064204-5



JORGE PALACIO MIZRAHI et al.

PHYSICAL REVIEW E 109, 064204 (2024)

7 :
—6=0.020
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—6=0

k

FIG. 4. The normalized locking width with optimal pump phase (left) and amplitude modulation (right), shown for several small values of
normalized loss § as a function of normalized pump amplitude & = (k + i)48/7; the values of § increase from the top to the bottom curves.
The § = 0 curves show the perturbative results of Egs. (39) and (40), and the § > O curves show numerical results, that are well approximated

by perturbation for the displayed range of § and k.

The adjoint basis functions are normalized such that they obey
the biorthogonality relations

(W0, We0) = (WUro, Uro) = 1, (34

(We 0, Uk 0) = (g, We0) = 0. (35)

In the limit (23) the direct and adjoint LLE zero modes
asymptotics are

We ~ We o — 8(Ws 0, £1 Vg 0) W0, (36)
- 1 - - 1 _
We ~ —z(“l’k,o, LW o)We o + %‘I/k,o. 37

We observe that as a singular perturbation, W does not ap-
proach W¢ o as § — 0. Instead, it diverges as 1/, a behavior
that can be traced to the algebraic degeneracy of the zero
eigenvalue of the NLSE stability operator, and its splitting in
the spectrum of the LLE stability operator.

Recall [Eq. (22)] that the normalized locking range w is
proportional to the normalized pump amplitude % that tends to
zero in the limit given by Eq. (23), canceling the divergence
of Ws as § — 0, yielding the finite limiting value

h o0
w~ % f ztanh zsech zdz = —2 + 2ik, 38)

so that

waM ™ 2](, wWpM ™ 2 (39)

and
5 1
Wopt ~ 2V 1 + k2, Oop; ~ arctan ©) 40)

Figures 4 and 5 compare the expressions (39) for the nor-
malized locking range widths wep, wam, and (40) for optimal
pump phase 6y in the limit given by Eq. (23), with the numer-
ical results for small but finite §. Evidently, the limiting values
provide an excellent approximation for the locking range with
large detunings; the small § numerical results for wpy (not

shown) are consistent with Eq. (39) and exhibit no dependence
on k within our numerical accuracy.

The most significant implication of the perturbative analy-
sis is that the broadest locking range is obtained in the limit
of large detunings for large k with an amplitude-modulated
pump. This result is consistent with the numerical calculations
of Sec. III A, where we found that the locking range width
becomes large for small § and large |A].

IV. CONCLUSIONS

Pump modulation in Kerr microresonators has been pro-
posed and implemented as a method to control and stabilize
Kerr solitons. We show that this effect is an example of the
universal synchronization phenomenon in nonlinear dynam-
ics. Starting from the modulated-pump LLE, we derive the
Adler equation that governs the soliton entrainment dynamics.

0.4
0.3+
e 02
5
0.1
0_
-0.1 :
0 1 2 3
k

FIG. 5. The optimal pump phase for system parameters as in
Fig. 4, with the same curve labeling scheme as a function of §,
increasing from top to bottom.
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We then use this equation to find the conditions under which
the pulse repetition rate will lock to the pump modulation
frequency, showing that the width of the locking range grows
linearly with the modulation depth. It follows from the Adler
equation that when the soliton repetition rate is unlocked,
it is still pulled toward the modulation frequency, resulting
in quasiperiodic oscillations [21], as seen in the experiments
of [10].

A striking feature in these experiments is that the locking
range is very narrow, less than 1 KHz around a base frequency
of more than 10 GHz. The narrowness of the locking range
stems from the large separation between the picosecond-scale
soliton width and the nanosecond-scale cavity roundtrip time.
The pump modulation is gradient coupled to the pulse, so that
the scale separation leads to weak coupling. A more subtle ef-
fect of the scale separation is that it translates a small detuning
of frequencies to a large disparity in the group velocities.

We showed that, as a consequence, the locking range
increases quadratically with the frequency of the pump mod-
ulation. Hence, the locking range can be widened by a large
factor by modulating the pump near a large harmonic n of
the pulse repetition rate, but the values of n reachable with
RF modulation are limited in practice. Nevertheless, this idea
can be realized using dual pumping, with a secondary pump

detuned by hundreds of GHz with respect to the primary
pump.

Less dramatic but still significant variations of the lock-
ing range width are obtained as the pump parameters and
the modulation phase are changed. When the pump is phase
modulated, we find that the normalized locking range depends
very weakly on the pump amplitude and detuning. By con-
trast, when the pump amplitude is modulated, the width varies
between zero along a curve in the space of pump parameters to
large values in the limit of large detunings. We showed using
perturbation theory that the large-detuning limit is singular,
causing the coupling between the pump modulation and the
soliton to be enhanced by a factor proportional to the detuning.
Here pump power is liable to be the limiting practical factor,
since maintaining soliton operation requires an increasingly
large pump amplitude as detuning increases.
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